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Abstract
The basic properties of semiconductor lasers, particularly those of VCSELs, are
introduced, and a new type of VCSEL, the CCBE-VCSEL, is presented. The
physical theory necessary to describe the optical properties of CCBE-VCSELs
is reviewed.
A 3-dimensional optical field model, capable of modelling the optical field
in CCBE-VCSELs, is described along with its testing. It is concluded that the
model predicts reasonable results for the resonance wavelengths and threshold
gains of oxide-confined CCBE-VCSELs, and the optical properties of oxideconfined CCBE-VCSELs are investigated using this model.
Based on these investigations it is concluded that oxide-confined CCBEVCSELs are capable of providing single-longitudinal-mode, single-transversemode laser output under continuous wave operation at high output powers.

Preface
This master of science in engineering thesis deals with the optical properties of
coupled-cavity bottom-emitting vertical-cavity surface-emitting lasers (CCBEVCSELs) operating under continuous wave (CW) conditions. Optical properties
are investigated, while electrical and thermal properties are only touched upon;
no current calculations are performed, and thermal effects are disregarded in all
calculations. Furthermore, only lasers with perfect rotational symmetry around
the optical axis are considered.
Fabrication and characterization of standard top-emitting oxide-confined
VCSELs has been performed to get an overview of the practical aspects of
VCSEL design and fabrication. There has, however, not been time to fabricate
CCBE-VCSELs, and the thesis therefore consists mainly of theoretical considerations and simulations.
A prior knowledge of optics, quantum mechanics, semiconductor physics
and basic laser theory is helpful in the understanding of the thesis, but is not
a prerequisite. The thesis is aimed at graduate students with little or no prior
knowledge of such subjects, and all necessary physical theory is introduced.
The thesis is organized as follows:
Chapter 1 provides a general introduction to the subject of the thesis and
describes the history of the laser.
Chapter 2 provides a brief introduction to semiconductor lasers and the basic
physics behind such devices.
Chapter 3 provides an introduction to oxide-confined VCSELs, and the fabrication techniques, used in the fabrication of such VCSELs, are reviewed
along with their optical properties, merits and demerits.
Chapter 4 introduces a new type of VCSEL, named the CCBE-VCSEL. The
oxide-confined CCBE-VCSEL is discussed along with its expected optical
properties.
Chapter 5 reviews the theory for the optical field in rotationally symmetric
semiconductor structures necessary to describe the optical field in CCBEVCSELs.
Chapter 6 describes a 3-dimensional optical field model, which has been developed to investigate the optical properties of CCBE-VCSELs.
Chapter 7 describes the testing of the 3-dimensional optical field model, performed to verify its results.
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Chapter 8 investigates the optical properties of CCBE-VCSELs.
Chapter 9 draws the conclusions of the project and discusses the perspectives
in which it must be viewed.
Chapters 1 through 4 provide an overview of the subjects necessary for the
understanding of the rest of the thesis, and introduce the CCBE-VCSEL; the
chapters may be viewed as a thorough warm-up before game-time. Chapter 5
describes the physical theory necessary to describe the optical field in CCBEVCSELs. Chapters 6 and 7 describe the 3-dimensional optical field model,
referred to as “MoS3D”, and its testing; these chapters represent the main work
load of the project, and provide the basis for the investigation of the optical
properties of CCBE-VCSELs. Chapter 8 investigates the optical properties of
CCBE-VCSELs; its results constitute the fruit and legitimacy of the project. Finally, Chapter 9 draws the conclusions of the project and provides perspectives,
thereby rounding up the thesis.
Appendices A and B are not included in the main part of the thesis, although they are highly relevant, since this would disturb the flow of the thesis.
Appendix A describes the transmission matrix theory used in Chapter 6, and
it may therefore be sensible to study the appendix immediately before this
chapter. Appendix B describes a 1-dimensional optical field model, referred to
as “MoS1D”, which is used along with MoS3D to investigate the oxide-confined
CCBE-VCSEL. It may therefore be sensible to study this appendix before Chapter 8. Finally, Appendix C lists the symbols and units used in the thesis.
The CD-ROM included with this thesis contains the implementations of
MoS1D and MoS3D as well as all figures used in the thesis. It also includes
additional figures and other relevant material. An HTML file, which lists the
contents of the CD-ROM, is available at the root.
The master´s project, of which this thesis is the product, has been made
in cooperation with Odense University College of Engineering, Research Center
COM at the Technical University of Denmark and Alight Technologies. Ole
Albrektsen, from Odense University College of Engineering, has been supervisor
to the project and Dan Birkedal, from Alight Technologies, has been external
supervisor.
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Project Description and
-Analysis
Project Description
The aim of the project is the simulation of continuous wave (CW) laser operation of coupled-cavity bottom-emitting vertical-cavity surface-emitting lasers
(CCBE-VCSELs). The main focus is the determination of optical eigenmodes.
The VCSEL has recently emerged as an important light source for various
purposes, e.g. short-range data-communication, high-density optical storage
and laser printing. The low costs, combined with interesting optical characteristics, generate a substantial industrial interest in a detailed understanding
of the physics behind VCSELs. Accurate optical models are valuable tools in
understanding and improving VCSEL performance.
Efficient optical field models, such as Hadley´s effective index model, are
presently available for the simulation of the optical properties of standard topemitting oxide-confined VCSELs. The coupled-cavity bottom-emitting structure, however, introduces diffraction effects, which such models are incapable of
describing.
The project must examine the special optical properties of CCBE-VCSELs,
and particularly the diffraction effects mentioned above. The work will primarily
consist of theoretical investigations and the development of simulation software.

Project Analysis
The basic theory behind semiconductor lasers will be examined. The basic theory behind oxide-confined VCSELs will be examined along with the fabrication
techniques used in the fabrication of such VCSELs, their optical properties,
merits and demerits. The basic theory behind oxide-confined CCBE-VCSELs
will be investigated along with the expected optical properties of such devices.
The physical theory necessary for the description of the optical field in
CCBE-VCSELs will be examined, and an optical field model, capable of describing the optical field, will be developed, implemented and tested.
The optical properties of CCBE-VCSELs will be investigated, using the developed optical field model, and it will be examined whether or not such laser
structures can be expected to have good optical characteristics.
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Chapter 1

Introduction
In early April of 1954 Charles H. Townes, his graduate student James P. Gordon
and postdoc Herbert J. Zeiger, working at Columbia University, succeeded in
building the first MASER — an acronym for microwave amplification by stimulated emission of radiation [1, 2]. This novel device emitted coherent microwave
radiation in a narrow spectral range, and was intended for use in molecular
spectroscopy. In 1958 Townes and his brother-in-law Arthur L. Schawlow described the prerequisites necessary to bring the radiation to optical wavelengths
[3], and two years later Theodore H. Maiman, from the Hughes Research Laboratories, succeeded in doing so, hereby introducing the world to the LASER —
an acronym for light amplification by stimulated emission of radiation [4].
In the early days of the LASER most scientists were sceptical and were
of the opinion that it was “a solution looking for a problem” [2]. Today, four
decades later, time has proved them wrong — LASERs are in wide use in science,
industry and everyday life. Due to the large success of the LASER most people
in the industrialized world have heard of it, although only few know what the
acronym actually means. Therefore, in this thesis the device with acronym
LASER will henceforth be addressed by the commonly known word laser .
Several different types of lasers exist, the most common being gas lasers,
solid-state lasers, semiconductor lasers, dye lasers and excimer lasers. Semiconductor lasers can be further divided into two categories, namely edge-emitting
lasers (EELs) and vertical-cavity surface-emitting lasers (VCSELs), the latter
being the subject of this thesis. Figure 1.1 shows the laser classification as
sketched in the above. Semiconductor lasers can be pumped electrically, and
generally have larger power conversion efficiencies than the other types of lasers. Semiconductor lasers are small, typically with dimensions in the micrometer range, compared to the other types of lasers, which typically have dimensions
in the centimeter range. Semiconductor lasers have long lifetimes, typically hundreds of years, compared to other laser types, which typically have lifetimes of
thousands of hours.
High-power, single-mode semiconductor lasers are useful for many applications, including laser line-of-sight data communication, optical interconnects,
high-density optical storage, laser printing and pumping of Erbium-doped fiber
amplifiers (EDFAs), to mention but a few. To achieve high-power output from
a standard oxide-confined VCSEL the aperture must be large, which causes
the VCSEL to have multiple transverse modes. The subject of this thesis is
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Figure 1.1: Classification of lasers in five main groups, namely gas lasers, solid-state
lasers, semiconductor lasers, dye lasers and excimer lasers. Semiconductor lasers
can be further divided into two groups, namely edge-emitting lasers (EELs) and
vertical-cavity surface-emitting lasers (VCSELs).

the study of a new type of VCSEL, the coupled-cavity bottom-emitting VCSEL
(CCBE-VCSEL), which may be capable of high-power output, while maintaining a single transverse mode. The thesis deals only with VCSELs made from the
III-V semiconductor materials Aluminum-Arsenide (AlAs), Gallium-Arsenide
(GaAs), Aluminum-Gallium-Arsenide (AlGaAs) and Indium-Gallium-Arsenide
(InGaAs) and emission near the wavelength λ = 980 nm. The technology behind
the fabrication of such lasers is mature and well documented.

Chapter 2

Semiconductor Lasers
The first semiconductor lasers, also known as laser diodes, were reported by
four independent American laboratories in 1962 [5, 6, 7, 8]. The advent of
the semiconductor laser brought the laser from laboratories into industry, and
soon also into the homes of ordinary people. Today, almost all homes in the
western hemisphere have lasers installed in CD- and DVD players, and most
people make use of semiconductor lasers every day, when using the Internet or
the telephone, in which large quantities of data are transmitted by laser light
through optical fibers.
In this chapter the fundamentals of semiconductor lasers are introduced
based on an edge-emitting generic semiconductor laser. The fundamental semiconductor crystal structure and the resulting electronic band structure are reviewed along with a description of the electronic transitions occurring between
the conduction- and valence bands of semiconductors. Gain and loss in semiconductors are described, the laser oscillation condition is derived and a short
summary is provided. The chapter is merely an introduction to the relevant
parts of the substantial area of research, and should not be viewed as a thorough investigation, for which the reader is referred to the literature [9].

2.1

The Generic Semiconductor Laser

An edge-emitting generic semiconductor laser structure is shown in Figure 2.1.
Such a laser consists of a gain medium in an optical cavity formed by two
parallel mirrors. When the laser is “turned on” an optical field builds up inside
the laser cavity, due to the amplification of light in the gain medium, and the
optical feedback provided by the two mirrors. One of the mirrors is partially
transparent, and a fraction of the optical field is transmitted out of the laser.
The emitted light is coherent, since the light amplification occurs through the
stimulated emission discussed in Section 2.3. The region of the laser, in which
light is amplified, is called the active region and the regions, in which there is
no amplification, are called the passive regions.

2.2 Semiconductor Crystal- and Band Structure
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Figure 2.1: The generic edge-emitting semiconductor laser structure with an active
and a passive region inside a laser cavity formed by two parallel mirrors. The
active region provides gain g, the passive region has loss α, and the optical field
is confined laterally in the stripe in the center of the laser by a refractive index
difference between the stripe and the surrounding material.

2.2

Semiconductor Crystal- and Band Structure

In semiconductors the atomic nuclei are arranged in crystal lattices, where the
positions of the nuclei are fixed in space in a periodic manner — this is, energetically, the most favorable configuration for the material. The semiconductors
discussed in this thesis, Aluminum-Arsenide (AlAs), Gallium-Arsenide (GaAs)
and Indium-Arsenide (InAs), are so-called zinc-blende structures, for which the
crystal structure is shown in Figure 2.2. The figure shows a unit cell of the zinc-

Figure 2.2: Unit cell of zinc blende semiconductor crystal structures. The two
types of elements in the semiconductor are represented by black and white dots.
(From [10]). An interactive 3-dimensional model of the structure, which can be
freely rotated, is available on the Internet [11].

blende crystal structure, which fully describes the structure of semiconductors
of the zinc-blende type. A semiconductor consists of a very large number of unit
cells, arranged such that each corner nucleus of a unit cell is the corner nucleus
of seven other unit cells, i.e. the units cells are packed like square building
blocks in all directions.
The distance between the corner nuclei of the unit cell of a semiconductor is
called the lattice constant, the values for AlAs and GaAs being a = 5.660 Å and
a = 5.653 Å, respectively [9]. At the boundaries of semiconductors the nuclei are

14

Semiconductor Lasers

arranged differently but, since the number of nuclei at the boundaries constitute
a very, very small part of the total number of nuclei in a piece of semiconductor,
this effect can often be neglected.
In semiconductors the electronic states are described by Bloch wave functions, and the electron energies form bands separated by bandgaps [9]. The
bands arise due to the periodic structure of semiconductor crystals, and band
diagrams, relating the energy of electronic states to the electron wave vector ,
~k, can be drawn. The wave vector is related to the crystal momentum through
p~ = h̄~k, where h̄ is Planck´s constant divided by 2π. The band diagrams of
AlAs and GaAs are shown in Figure 2.3.

(a)

(b)

Figure 2.3: Band diagram of (a) AlAs and (b) GaAs showing the energy of electronic states as a function of the electron wave vector, E(~k). For a more in-depth
treatment of semiconductor band structures the reader is referred to the literature.
(From [12] and [13]).

At absolute zero temperature, T = 0 K, the three valence bands, called
the heavy hole band , the light hole band and the split-off band , are completely
filled with electrons, while the conduction band is complete empty. The valence
bands are the second to fourth bands from the bottom in Figures 2.3a and 2.3b
and the conduction bands are the fifth bands from the bottom. At temperatures
above absolute zero some of the electrons are thermally excited, mainly from the
valence bands into the conduction band. This leaves empty electronic states in
the valence bands, states that behave much like positively charged particles and
are known as a holes. The minimum of the conduction band and the maximum
of the heavy- and light hole bands are separated by the energy bandgab, Eg .
As will be discussed in Section 2.3, the electronic transitions, which provide
gain in semiconductor lasers, occur almost exclusively between the bottom of
the conduction band and the top of the valence bands, and the energy bandgab
therefore defines the energy of emitted radiation.
When different semiconductor materials are combined it is possible to create
semiconductors with different properties than the original components. However, not all semiconductors can be combined, since they have different lattice constants. If a semiconductor material is sandwiched between layers of a

2.2 Semiconductor Crystal- and Band Structure
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semiconductor with smaller lattice constant a compressive strain builds in the
material. If a semiconductor material is sandwiched between layers of a semiconductor with larger lattice constant a tensile strain builds. The two types of
strain are illustrated in Figure 2.4. If the difference in lattice constant is large,

(a)

(b)

Figure 2.4: Semiconductor lattice mismatch, leading to (a) compressive strain and
(b) tensile strain.

and the sandwiched layer is thick, the semiconductor will suffer from lattice
defects, which are detrimental to laser operation.
The lattice constants and energy bandgabs of some binary semiconductors,
i.e. semiconductors consisting of two types of elements, are shown in Figure 2.5.
Connecting the binary semiconductors are curves showing the lattice constants
and energy bandgabs of ternary semiconductors, i.e. materials composed of
three types of elements. AlAs and GaAs have almost the same lattice constant

Figure 2.5: Lattice constants and energy bandgabs of some binary- and ternary
semiconductors. Note the vertical curve between AlAs and GaAs, showing that
these semiconductors can be combined without strain. (From [9]).

and can therefore be combined in any ratio without creating lattice defects.
This is very useful since Aluminum-Gallium-Arsenide (AlGaAs) semiconductor
materials, with energy bandgabs ranging from that of GaAs to that of AlAs,
can be grown. The bandgab of GaAs (Eg ≈ 1.42 eV), however, is too large
to allow for lasing at λ = 980 nm, and that of AlAs is even larger. In order
to achieve lasing at this wavelength, then, Indium-Gallium-Arsenide (InGaAs)
quantum wells (QWs) are incorporated in the laser structure.
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2.3

Electronic Transitions in Semiconductors

As Albert Einstein explained in 1917 [14] there exists three types of radiative
transitions between electronic quantum states of atoms, namely
(Stimulated) Absorption, in which an electron is exited to a higher energy
state by an electromagnetic field,
Stimulated Emission, in which an electron is stimulated into decaying to a
lower energy state by an electromagnetic field, while emitting light in total
coherence with that field, and
Spontaneous Emission, in which an electron spontaneously decays to a lower
energy state, while emitting incoherent light.
The rates at which the transitions occur, measured per unit volume, are denoted
R12 , R21 and Rsp , respectively.
In semiconductors radiative transitions occur almost entirely between the
minimum of the conduction band and the maximum of the three valence bands.
The three types of radiative transitions between the conduction band and one
of the three valence bands are shown in Figure 2.6. Due to energy conser-

Figure 2.6: The three types of radiative transitions in semiconductors, stimulated
absorption, stimulated emission and spontaneous emission, and two types of nonradiative transitions, recombination in non-radiative recombination centers and
Auger recombination. Electrons are shown as red dots and empty electronic states
(holes) are shown as light blue dots.

vation the energy of the photons in the electromagnetic field must equal the
energy difference between the two electronic states involved in the transition,
i.e. hν = E21 ≡ E2 − E1 , where E2 > E1 . Here, h is Planck´s constant and
ν is the frequency of the oscillations of the electromagnetic field . Due to momentum conservation radiative transitions in semiconductors generally occur
between electronic states of the same electron wave vector. The momentum of
a photon is very small compared to the crystal momentum, and the change in
crystal momentum due to absorption or emission of electromagnetic radiation
is negligible. In other words, the electromagnetic transitions in semiconductors
are vertical in band diagrams. The pairs of electronic states that satisfy this
momentum conservation requirement are known as state pairs.
Apart from the three types of radiative transitions there exists several different types of non-radiative transitions, the most important being recombination

2.4 Gain and Loss in Semiconductors
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in non-radiative recombination centers and Auger recombination [9]. These are
also shown in Figure 2.6. In the former, electrons and holes recombine via states
in the bandgab caused by point defects or other types of deviations from the
crystal structure. In the latter, an electron and a hole recombine, and the released energy is given to another electron, which gets excited to a higher energy
state. In both cases no radiation is emitted. All of the non-radiative transition
types are loss mechanisms and will therefore not be distinguished in this thesis.
The total rate of non-radiative recombinations per unit volume is denoted Rnr .

2.4

Gain and Loss in Semiconductors

Electrons are fermions and no two electrons can occupy the same state [15].
Therefore, in order for a transition to occur one electron must be available in
one state and the other state in the state pair must be empty. The transition
rates are then given by, respectively
R12 = REM f1 (1 − f2 )
R21 = REM f2 (1 − f1 )
Rsp = R0 f2 (1 − f1 ) ,

(2.1)
(2.2)
(2.3)

where REM is the transition rate that exists if both states in the state pair
are available to participate, and there is an electromagnetic field present, R0
is the transition rate that exists if both states are available, but there is no
electromagnetic field, f1 is the probability of finding an electron in state #1 in
the valence band and f2 is the probability of finding an electron in state #2
in the conduction band. The transition rates, REM and R0 , are found through
quantum mechanical calculations [16], and the occupation probabilities, f1 and
f2 , are described by Fermi statistics, i.e.
f1 =
f2 =

1
e(E1 −EFv )/kT

+1

1
e(E2 −EFc )/kT

+1

,

(2.4)
(2.5)

where E1 and E2 are the energies of the two states and EFv and EFc are the
quasi-Fermi levels of the valence- and conduction bands, respectively. This
description is valid under forward bias conditions under which EFc and EFv are
separated by the applied electric field , i.e. EFc − EFv = eU [9].
The net stimulated emission, i.e. the rate at which coherent photons are
added to the electromagnetic field, is Rst = R21 − R12 , which can be written
Rst = REM (f2 − f1 )

(2.6)

by using Equations (2.1) and (2.2). Equation (2.6) shows that the occupation
probability of the conduction band state must be larger than that of the valence
band state — a situation known as population inversion [9] — in order to achieve
positive net stimulated emission in a semiconductor material, and thereby gain.
In semiconductor materials with population inversion optical fields are amplified upon traversal of the material, i.e.
I(z) = I(0) egz ,

(2.7)
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where I(z) is the optical field intensity, I(0) is the optical field intensity at
z = 0 and g is the gain, a real, positive number1 . Note that Equation (2.7)
only includes the net stimulated emission and does not consider spontaneous
emission and non-radiative losses. In materials without population inversion
the intensities of optical fields decrease upon traversal of the material,
I(z) = I(0) e−αz ,

(2.8)

where the loss, α ≡ −g, is a real, positive number.

2.5

The Laser Oscillation Condition

An optical field propagating toward positive z in a laser cavity, like the one
discussed in Section 2.1, is described by the complex representation,


e y) e−i(ωt−βz z) ,
E(x, y, z, t) = Re E(x,
(2.9)
e y) is the transverse electric
where E(x, y, z, t) is the (scalar) electric field, E(x,
field profile, ω is the angular frequency of oscillation and βz is the longitudinal
propagation constant, also known as the longitudinal wave number . The z- and
time-dependencies have been extracted into the exponential function.
In this notation the amplification of the optical field in the active region,
represented by g in Section 2.4, is included in the longitudinal propagation
constant,
2πn
g
βza =
−i ,
(2.10)
λ
2
where n is the refractive index of the active region and g is the gain. In the
passive region
2πn
α
βzp =
+i .
(2.11)
λ
2
The factor 1/2 in Equations (2.10) and (2.11) is included because the gain and
-loss factors are intensity quantities and the intensity is proportional to the
absolute square of the amplitude.
The oscillation condition for the generic semiconductor laser, shown in Figure 2.1, i.e. the condition, which must be fulfilled for the laser to oscillate, is
found by considering a single round-trip through the laser cavity. Starting at
the far-left, the optical field first propagates through the active region, then the
passive region, and is then reflected at the right mirror; then the field propagates
back through the passive and active regions and is finally reflected at the left
mirror. In order for the laser to oscillate, the optical field must exactly replicate
itself after each cavity round-trip, and the oscillation condition is
E(x, y, z) eiβza La eiβzp Lp rr eiβzp Lp eiβza La rl = E(x, y, z)

(2.12)

rl rr ei(2βzp Lp +2βza La ) = 1.

(2.13)

or
1 The word “gain” has two, related meanings in this thesis, namely (1) the conceptual
statement that light is amplified upon propagation in a semiconductor material, and (2) the
factor used in the exponential to describe this amplification. This duality is confusing, but in
accordance with the literature. An analogous duality exists for the word “loss”.
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In the above it is assumed that there is no reflection or phase-change at the
interface between the active and the passive regions. The reflection coefficients,
rl and rr , on the other hand, are complex numbers and include information
about both amplitude- and phase changes upon reflection.
Equation (2.13) imposes two equally important conditions on the optical
field:
1. The optical field must be in phase with itself upon each cavity round-trip,
i.e. the field must interfere constructively with itself.
2. The amplitude of the optical field must be the same after each cavity
round-trip, i.e. the gain in the active region must balance the losses in
the passive regions and the mirror loss (the light emitted from the laser).
In words, the laser oscillation condition is stated2
The laser oscillation condition is fulfilled when
the optical field replicates itself upon each cavity round-trip.
The wavelength and gain, for which the laser oscillation condition is fulfilled,
are referred to as the resonance wavelength λ0 and the threshold gain gth , respectively.
The description in this section is somewhat simplified, and does not describe
all aspects of optical propagation in semiconductor lasers. The end-result, however, is important and absolutely correct: The laser oscillation condition requires
the optical field to replicate itself upon each cavity round-trip.

2.6

Chapter Summary

A generic semiconductor laser structure consists of an optical cavity defined by
two mirrors. One of the mirrors is partially transparent and the laser emits
coherent light from this mirror.
In semiconductor materials, from which the lasers discussed in this thesis
are made, the atomic nuclei are arranged in a crystal structure. This gives rise
to electronic energy bands separated by bandgabs.
Stimulated emission of radiation occurs between the conduction band and
the valence bands of semiconductors. If the semiconductor material is pumped
into population inversion an optical field propagating through the material will
experience gain and be amplified.
If the gain in the active region balances the losses in the passive regions and
the mirror loss, and the optical field interferes constructively with itself upon
each cavity round-trip, the laser oscillation condition is fulfilled, and the laser
oscillates.

2 A different laser oscillation condition, analogous to the one discussed here, is presented
in Appendix B.

Chapter 3

VCSELs
The first vertical-cavity surface-emitting laser (VCSEL)1 was reported by Japanese scientists in 1979 [17, 18]. Due to technical difficulties the VCSEL did
not bloom until the early 1990s, where improvements in epitaxial growth technology made the growth of wafers for VCSEL fabrication cheaper and more
reliable. Since then the VCSEL has evolved rapidly, and it has penetrated the
short-range data-communication market. Future possible applications include
laser line-of-sight data-communication, in which parallel data communication
between e.g. two high buildings is performed using VCSEL arrays, optical interconnects, in which VCSELs are used for internal data transfer in computers,
high-density optical storage, such as CD- and DVD burning, and laser printing,
all of which require high output powers and good output beam characteristics.
Companies like ULM Photonics, Honeywell and Emcore are leading players in
the market, and the reader is referred to the websites of these companies for
further information on current applications of VCSELs [19, 20, 21].
In this thesis VCSELs emitting near a wavelength of λ = 980 nm are discussed. Such lasers may be used for pumping of Erbium-doped fiber amplifiers
(EDFAs) and may therefore be able to penetrate the telecommunication market.
The technology behind such VCSELs is very well established; they are implemented using AlAs, GaAs, AlGaAs and InGaAs semiconductor materials, the
technology of which is very mature.
In this chapter the oxide-confined VCSEL is introduced and the fabrication
techniques behind are described briefly. The optical properties are described
along with the merits and demerits of such VCSELs, and a brief summary is
provided. The chapter is merely an introduction to VCSELs, and should not
be viewed as a thorough investigation into the subject, for which the reader is
referred to the literature [22].

1 VCSEL is pronounced “vixel”, and the device should not be confused with its close relative, the vertical-external-cavity surface-emitting laser (VECSEL — pronounced “vexel”).
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The Oxide-Confined VCSEL

Several different VCSEL schemes exist, the most successful being the oxideconfined VCSEL2 . This structure has demonstrated record low threshold current
and wall-plug efficiencies, i.e. electrical-to-optical power conversion efficiencies,
better than 55% [22].
A schematic of the oxide-confined VCSEL is shown in Figure 3.1. In this

Figure 3.1: The oxide-confined VCSEL emitting through the top DBR. The thin
aperture layer, shown in black directly above the optical cavity, provides both
electrical- and optical confinement, and thereby defines the diameter of the optical
output beam. The VCSEL is rotationally symmetric around the vertical axis and
the schematic is simplified and not to scale.

VCSEL scheme both electrical- and optical confinement is achieved by an oxide
aperture near the active layer. The oxide, shown as a thin, black line above
the optical cavity in the figure, is non-conductive and the current is therefore
guided through the aperture in the center of the VCSEL. This effective current
confinement allows for a high internal quantum efficiency, ηi , i.e. a large fraction
of the current injected into the laser generates carriers in the active region. Also,
the oxide has a much lower refractive index than the material in the center of
the aperture (n ≈ 1.6 vs. n ≈ 3.2), and the aperture therefore confines the
optical field to the center of the VCSEL.
This confinement effect is equivalent to that of step-index optical fibers, and
some VCSEL models describe VCSELs as step-index structures. An example of
such a model is Hadley´s effective index model [23], which is in use by Alight
2 The oxide-confined VCSEL is also known as the oxide-apertured VCSEL, the dielectric
aperture VCSEL and the selectively oxidized VCSEL.
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Technologies. In Hadley´s model, effective refractive indices are defined for each
of a number of concentric cylindrical regions, based on a shift in longitudinal
resonance wavelength. This model, and models like it, accurately describe the
optical field in standard oxide-confined VCSELs, where the optical cavity is very
thin. In VCSEL structures with thicker cavities, however, diffraction effects,
which effective index techniques neglect, become important, and more complex
VCSEL models must be used. The 3-dimensional optical field model developed
in this project, and described in Chapter 6, is capable of dealing with such
effects.
The top- and bottom mirrors in the oxide-confined VCSEL are distributed
Bragg reflectors (DBRs), which provide very high reflectivities, as discussed in
Section 3.3. The DBRs and the substrate, upon which the VCSEL is fabricated,
are doped to allow for current transportation through the laser.

3.2

Fabrication of Oxide-Confined VCSELs

Although this thesis is purely theoretical, fabrication of standard top-emitting
oxide-confined VCSELs was performed at the beginning of the project, with the
purpose of understanding the practical issues involved in VCSEL design and
fabrication. The basic process consists of 10 steps, namely
1. Epitaxial Growth
2. Photolithography
3. Mesa Etching
4. Oxide Layer Oxidation
5. Photolithography
6. Glass Deposition
7. Glass Lift-Off
8. Photolithography
9. Metal Deposition
10. Metal Lift-Off
The first four steps are shown in Figure 3.2, the last six steps are shown in Figure 3.3 and all 10 steps are discussed briefly below. The three photolithography
steps are similar in nature, and will therefore be described simultaneously. The
discussion is simplified but provides an overview of VCSEL fabrication.
Epitaxial Growth
The growth of thin semiconductor layers on the substrate, shown in Figure 3.2b,
is most often done using the epitaxial growth techniques molecular beam epitaxy (MBE) or organometallic vapor-phase epitaxy (OMVPE)3 . The epitaxial
3 OMVPE is also referred to as organometallic chemical vapor deposition (OMCVD),
metal-organic vapor-phase epitaxy (MOVPE) or metal-organic chemical vapor deposition
(MOCVD).

3.2 Fabrication of Oxide-Confined VCSELs

23

(a) Substrate

(b) Epitaxial Growth

(c) Photolithography

(d) Mesa Etching

(e) Oxide Layer Oxidation
Figure 3.2: First four steps in the fabrication of an oxide-confined VCSEL, showing (a) the unprocessed substrate, (b) epitaxial growth of semiconductor layers, (c)
photolithography, (d) mesa etching and (e) oxidation of the oxide layer. The fabrication process is simplified, the schematics are not to scale and the designations
of the different regions are shown in Figure 3.1. (Continued in Figure 3.3).
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(a) Photolithography

(b) Glass Deposition

(c) Glass Lift-Off

(d) Photolithography

(e) Metal Deposition

(f) Metal Lift-Off

Figure 3.3: Last six steps in the fabrication of an oxide-confined VCSEL, showing
(a) photolithography, (b) glass deposition, (c) glass lift-off, (d) photolithography,
(e) metal deposition and (f) the finished VCSEL after metal lift-off. The fabrication
process is simplified, the schematics are not to scale and the designations of the
different regions are shown in Figure 3.1. (Continued from Figure 3.2)
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growth process is the most challenging part of the fabrication of VCSELs and,
as mentioned in the introduction to this chapter, the bloom in VCSEL research
in the 1990´s was facilitated by improvements in epitaxial growth technology.
The basic principles behind the growth processes are very simple, although
the technical details are far from it [24]. In MBE the substrate is placed in ultrahigh vacuum (UHV) and the required elemental sources are evaporated onto the
heated substrate, where the atomic nuclei automatically arrange themselves in
the semiconductor crystal lattice. In OMVPE the required elements are carried
by gaseous sources pumped into a reaction chamber , in which they flow past the
heated substrate. The gas molecules react chemically on the substrate surface
and the carrier gases and reaction byproducts are transported out of the system.
Both systems are capable of growing uniform, atomic layers of semiconductor
material with great reliability, and in situ monitoring, such as reflective highenergy electron diffraction (RHEED), is possible.
Using either of these processes an epitaxial stack of layers of AlAs, GaAs,
AlGaAs and InGaAs is grown on the substrate, including distributed Bragg reflectors (DBRs), quantum wells (QWs) and an oxide layer . InAs has a different
lattice constant than GaAs and the growth of InGaAs quantum wells therefore
induces strain in the structure. These must be considered in order to avoid
detrimental lattice defects. During growth of the DBR layers doping with nand p-dopants is performed to allow for current conduction through the DBRs.
Photolithography
Using photolithography, shown in Figure 3.2c, the mesa diameter is defined. A
thin layer of resist is spun onto the sample (the substrate with epitaxial layers),
the resist is exposed to ultra-violet (UV) light through an optical mask and the
resist is developed. The mask allows light to shine onto certain parts of the
sample while blocking other parts. The areas of the resist that are exposed to
UV light dissolve during development4 and a circular disc of resist remain in
what becomes the center of the VCSEL.
In the same way, discs of resist are later created in the center of the mesa,
as shown in Figures 3.3a and 3.3d. These discs are used for metal- and glass
lift-off, as described below.
Mesa Etching
After creating the disc defining the mesa diameter through photolithography,
the surrounding areas of the sample are etched , while the areas of the sample
on which resist remains are left un-etched, as shown in Figure 3.2d. The etch
depth is controlled by etching for a predefined duration, and this process creates
the VCSEL mesa.
While etching down through the epitaxial layer stack the etch also eats away
into the mesa structure, i.e. the etch works both vertically and horizontally. The
mesa therefore has sloping walls, as shown in the scanning electron microscope
(SEM) images in Figure 3.4. The sloping walls are not shown in the schematics
in this thesis, since the width of a mesa is much larger than the slope of its
walls, as shown in Figure 3.4b.
4 Sometimes the areas of the resist that are not exposed to UV light dissolve during development. Which areas dissolve, and which do not, depend on the type of resist.
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(a) Part of an oxidized mesa

(b) Angled view of a mesa
Figure 3.4: Scanning electron microscope (SEM) images of (a) part of an an oxidized VCSEL mesa and (b) an angled view of a VCSEL mesa. Figure (a) shows
the large difference between the oxidation depths of the aperture layer (black line
in the bottom of the mesa) and the other layers (grey lines in every second layer).
Figure (b) shows the dimensions of the VCSEL with the large difference between
the diameter and height of the mesa. Both figures clearly show the sloping walls
of the mesa. (Courtesy of Alight Technologies).
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Oxide Layer Oxidation
The layers of the epitaxial stack are open at the perimeter of the mesa, and
the oxide layer , placed directly above the optical cavity, is oxidized as shown
in Figure 3.2e. This is done in a small oven, in which a flow of water vapor
provides oxygen and removes residual gases. The oxide layer consists of AlAs,
which oxidizes to Aluminum-Oxide (AlOx) with a much smaller refractive index
than AlAs (n ≈ 1.6 vs. n ≈ 3.2). The oxidation is performed a predefined
time-period, whereby the oxidation depth, and thereby the aperture diameter ,
is controlled. The other layers in the structure have an AlAs mole-fraction lower
than unity and oxidize much slower than the oxidation layer. This difference in
oxidation rate is visible in Figure 3.4a, where the oxide layer is oxidized much
deeper than the layers in the top DBR.
Figure 3.5 shows an optical microscope image of an oxide-confined VCSEL
seen directly from above. The aperture is visible as a dark disc in the center of
the mesa, which is visible as a light-gray area within a dark circle. The circle
is dark because the DBR layers, which contain dark Aluminum (Al), are visible
from above due to the slope of the mesa walls.

Figure 3.5: Optical microscope image of a VCSEL mesa viewed from the top. The
aperture layer has been oxidized and the dark disc in the center of the VCSEL is
the aperture. The black ring shows the boundary of the mesa.

Glass Deposition- and Lift-Off
After using photolithography to create the disc in the center of the mesa, as
shown in Figure 3.3a, a layer of glass is deposited on the sample, as shown in
Figure 3.3b. This is done is a vacuum chamber , in which quartz ampoules are
evaporated, by electron beam heating, onto the sample. The glass in the center
of the mesa is removed by dissolving the resist underneath it in a solvent, e.g.
acetone, in a process called glass lift-off . The glass in the center simply comes
off with the resist, as shown in Figure 3.3c.
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Metal Deposition- and Lift-Off
After using photolithography to create a disc of resist in the center of the mesa,
as shown in Figure 3.3d, a layer of metal is deposited on both sides of the
sample, as shown in Figure 3.3e. This is done using e.g. electron-beam metal
deposition, in which the metal to be deposited is evaporated onto the sample by
electron-beam heating. The metal covering the resist in the center of the mesa
is removed in the same way as the glass, through metal lift-off , and only the
top- and bottom contacts remain, as shown in Figure 3.3f. The top contact is
shaped in the form of a ring, in order to allow for laser emission through the
top mirror in the center of the VCSEL.

3.3

Optical Properties of Oxide-Confined VCSELs

The optical- and electrical properties of oxide-confined VCSELs have been mentioned briefly in Section 3.1. The electrical properties are not relevant for the
investigations of this project, and will not be discussed any further. The optical
properties, on the other hand, are highly relevant, and the most important of
these will be discussed presently.

3.3.1

Longitudinal Properties

The gain in VCSELs is usually accomplished by three quantum wells (QWs)
placed in an optical field maximum in the optical cavity or nine quantum wells
placed in three optical field maxima in the cavity (three in each maximum).
The quantum wells are very thin (≈ 8 nm) and the optical field amplification
upon each cavity round-trip is therefore very small. In order to achieve enough
optical amplification to reach threshold the number of cavity round-trips must
therefore be large, and it is imperative that the cavity mirrors are of very high
reflectivity.
To achieve such high reflectivity distributed Bragg reflectors (DBRs) are
used. DBRs consist of many layers of alternating refractive index, so that at
each interface there is a small reflection, as shown in Figure 3.6. The widths of

Figure 3.6: Three periods of a distributed Bragg reflector, with layers of alternating
refractive index, providing small reflections at each layer interface. If the reflections
interfere in phase the total reflectivity of the DBR can be very close to unity.

the layers are 1/4 of the optical wavelength of the desired resonance, i.e. w =

λ0
4n ,
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where n is the refractive index of the material and λ0 is the desired resonance
wavelength in vacuum. At this wavelength, called the Bragg wavelength, the
total reflectivity of the stack can be very close to unity and have a very flat
reflection band, as shown in Figure 3.7. The maximum reflectivity of a DBR,

Figure 3.7: Theoretical reflectivity spectrum of a 34-period DBR, consisting of 68
alternating layers of materials with refractive indices n1 ≈ 3.5 and n2 ≈ 3.2 and
thicknesses equal to a quarter wavelength. The material on either side of the DBR
has refractive index 1. (Created using MoS1D).

and the flatness of its spectrum, depend on the refractive index contrast between
the different layers and the number of periods used, i.e. the number of times
a “set of two different layers” is repeated. Figure 3.8 shows the reflectivity
of five different DBRs, consisting of materials with different refractive index
differences, for varying numbers of periods.
The high reflectivity of the DBRs creates a very high optical field intensity
in the optical cavity, as shown in Figure 3.9. When a quantum well is placed
in an antinode of the optical field, the stimulated emission in the quantum well
is enhanced, due to the large photon density in such an antinode. The gain
enhancement factor is defined to be unity for active regions of length equal
to the wavelength, and can be smaller or larger than unity for smaller active
regions. The gain enhancement factor is Γ = 0 if a quantum well is placed in
a minimum of the optical field, Γ = 1 if the well is placed directly between a
field minimum and a field maximum and Γ = 2 if the well is placed in a field
maximum.

3.3.2

Transverse Properties

The optical field in oxide-confined VCSELs is confined radially by the aperture,
and the transverse properties depend very much on the diameter of the aperture.
A large aperture allows for many transverse modes, while a narrow aperture
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Figure 3.8: Illustration of the reflectivity of five different DBRs as a function of
the number of periods. The calculations behind the figure are purely longitudinal.
The reflectivity is not zero for zero periods since a reflection still occurs due to the
refractive index difference between the semiconductor material and the air.

Figure 3.9: Optical field intensity distribution and refractive index profile of a
simple VCSEL structure with a 34-period DBR at the bottom, a 24-period DBR
at the top and an optical cavity of thickness equal to the wavelength. The DBRs
are made from alternating layers of materials with refractive indices n1 = 3.5 and
n2 = 3.2, respectively, while the refractive index of the cavity is nc = 3.5. The
refractive index on the bottom- and top sides of the structure are nb = 3.5 and
nt = 1, respectively. (Created using MoS1D).
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allows for only a few. Again, this is exactly like in step-index optical fibers. A
large aperture, however, allows for high output powers, while a narrow aperture
allows for only a limited output power. The active region is approximately
as wide as the aperture, due to the electrical confinement discussed briefly in
Section 3.1, and the current density in this region can only reach a certain level,
before thermal phenomena interfere destructively with lasing operation. A large
aperture provides a large gain area, which enables the laser to oscillate at high
output powers without increasing the current density above the critical level.
There is, in other words, a trade-off between the wish for single-transverse-mode
operation and high output powers.

3.4

Merits and Demerits of Oxide-Confined VCSELs

VCSELs have many meritsMerits, and out-perform edge-emitting lasers within a
number of areas, while the situation is vice versa in others. The merits include:
• The vertical emission of light, which makes on-wafer mounting, bonding
and testing very easy and inexpensive, and thereby make VCSELs ideal
for mass production. Also, vertical emission allows for easy fabrication of
laser arrays, which may be useful for future laser applications.
• The inherent circular output, which makes coupling to optical fibers and
other optical components easy.
• The inherent longitudinal-single-mode operation.
• Record low threshold currents (I < 0.1 mA) [22].
• High wall-plug efficiencies (> 55%) [22].
The demerits include:
• Transverse-multi-mode operation at high output powers.
CCBE-VCSELs, which are the topic of this thesis, may provide a solution to
the demerit, as discussed in the next chapter.

3.5

Chapter Summary

VCSELs are semiconductor lasers with vertical emission and good optical characteristics, such as single-longitudinal-mode output and a circular beam profile.
VCSELs have bloomed within the last decade, and have penetrated the shortrange data-communication market. A wide range of other applications exists
if the output power can be increased without loosing the good optical beam
characteristics.
The generic oxide-confined VCSEL consists of a gain-providing quantum well
placed in an antinode of the optical field in the cavity defined by two DBRs. The
quantum well is very thin, and a large number of cavity round-trips is therefore
necessary, to provide the optical amplification needed to balance the losses in
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the DBRs and the mirror loss. The DBRs provide high reflectivity and thereby
a large number of cavity round-trips.
The fabrication of VCSELs consists of a number of steps, including epitaxial
growth, photolithography, etching, oxidation and glass- and metal deposition.
The longitudinal optical properties of oxide-confined VCSELs are governed
by the short optical cavity, which provides the single longitudinal mode, while
the aperture diameter governs the transverse optical properties. A trade-off
must currently be made between high output powers and single-transverse-mode
operation.

Chapter 4

CCBE-VCSELs
In order to achieve high optical output powers in VCSELs, while maintaining
good optical characteristics, new VCSEL schemes must be considered. The
coupled-cavity bottom-emitting VCSEL (CCBE-VCSEL) is an attempt to provide single-transverse-mode operation at high optical output powers.
The basic idea of using such a coupled-cavity geometry is not new. Several coupled-cavity geometries have been investigated experimentally, e.g. an
external cavity structure [25], a compact external cavity structure [26], a monolithic structure using micromirrors [27] and a monolithic structure using a cavity
spacer [28], the latter structure resembling the CCBE-VCSEL the most. All of
these investigations are experimental, but coupled-cavity geometries have also
been investigated theoretically [29]. The CCBE-VCSEL differs from all of the
above mentioned designs by the use of the substrate as a long, coupled cavity. By
processing on both sides of the substrate the CCBE-VCSEL does not require external optical components, which make alignment tedious and mass-production
expensive — the CCBE-VCSEL is a monolithic device.
In this chapter the oxide-confined CCBE-VCSEL is introduced, the expected
optical properties of such a device are discussed and a short summary is provided.
It should be emphasized, that all discussions about CCBE-VCSELs in this
and later chapters are totally theoretical. No CCBE-VCSEL structure has ever
been implemented, and unforseen experimental difficulties may therefore exist.
The discussions in this chapter provide a good first insight into the design and
functionality of CCBE-VCSELs, but should be viewed as nothing more.

4.1

The Oxide-Confined CCBE-VCSEL

The oxide-confined CCBE-VCSEL structure, which is presented presently, is an
extension of the oxide-confined VCSEL, discussed in the previous chapter. It is
shown in Figure 4.1. The differences are the following:
• The bottom DBR is split into two, referred to as the middle- and bottom
DBRs.
• The structure is bottom emitting, i.e. the reflectivity of the top DBR is
larger than the effective reflectivity of the combination of the middle DBR,
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Figure 4.1: The oxide-confined CCBE-VCSEL with the aperture, the top-, middleand bottom DBRs, and a quantum well placed in the center of the active cavity.
The top contact/heatsink removes heat efficiently from the active cavity due to its
proximity. The structure emits through the hole in the bottom contact, which is
ring shaped.
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the substrate cavity and bottom DBR, referred to as the “bottom mirror”
• The top contact is thick and has no hole in the center; it also works as a
heatsink .
• The bottom contact is a ring contact to allow for bottom emission.
The bottom emitting structure allows for efficient cooling, using the top contact
as a heatsink , since this is placed close to the active cavity (≈ 5 µm away)
compared to top-emitting VCSELs, where the heatsink must be placed on the
bottom contact (≈ 500 µm away), in order to allow for top-emission.
The fabrication techniques used to implement CCBE-VCSELs are basically
the same as for standard top-emitting VCSELs except for two crucial differences:
1. The substrate must be thinned to an appropriate cavity thickness (0 µm <
L < 500 µm).
2. Epitaxial growth must be performed on both sides of the substrate.
The growth of epitaxial semiconductor layers on both sides of the substrate is not
usually done, but does not appear to represent insurmountable difficulties. The
thinning of the substrate is done regularly, and should therefore not constitute a
problem. However, as will be discussed in Chapter 8, even small inaccuracies in
the substrate cavity thickness (∆L ≈ 0.1%) are detrimental to laser operation,
and the limitations in the precision of the thinning process therefore represents
a problem.

4.2

Expected Optical Properties of Oxide-Confined CCBE-VCSELs

The details of the optical properties of CCBE-VCSELs are presently not known,
since no theoretical- or experimental investigations have been performed. Chapter 8 of this thesis performs such theoretical investigations, by simulating the
optical properties, and thereby provide some of the details. At this point some
general remarks about the expected optical properties of CCBE-VCSELs are in
order.

4.2.1

Expected Longitudinal Properties

Standard top-emitting oxide-confined VCSELs, discussed in the previous chapter, support only one longitudinal mode, since the optical cavity is very thin
compared to the wavelength. In CCBE-VCSELs the active cavity remains very
thin, but the influence of the substrate cavity, which is up to thousands of wavelengths long, must be expected to cause the CCBE-VCSEL to lase in multiple
longitudinal modes.
As will be discussed in Chapter 8, the analysis of the benchmark CCBEVCSEL structure shows, contrary to the expectations mentioned above, that
single-longitudinal operation may be possible, due to mode-discrimination of
the longitudinal modes with resonance wavelengths away from the Bragg wavelength, caused by the position of resonances relative to the reflectivity spectrum
of the “bottom mirror”.
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4.2.2

Expected Transverse Properties

Transverse-single-mode operation in CCBE-VCSELs with large apertures is expected, due to transverse mode-discrimination caused by diffraction losses in
the substrate cavity. When the optical field passes the aperture it experiences
diffraction due to the finite diameter of the aperture. The higher order modes
experience larger diffraction than the fundamental mode due to their wider spatial Fourier spectrum. A more intuitive view of this diffraction phenomenon is
that the higher order modes have higher intensities away from the optical axis
and therefore “feel” the aperture more than the fundamental mode, which has
almost all of its intensity near the optical axis. When the modes are reflected
from the bottom DBR, and return to the active cavity, a fraction of the light
in the modes is lost at the cavity-aperture interface, since the mode diameters
have grown larger than the aperture diameter. The higher order modes diffract
more than the fundamental mode and thereby experience a higher diffraction
loss upon each cavity round-trip, which leads to higher threshold gains. The
fundamental mode also experiences diffraction loss and its threshold gain also
increases. The mode-discrimination therefore comes at a cost: The more modediscrimination is required, the higher the threshold gain of the fundamental
mode. If the mode-discrimination is high enough a single transverse mode may
lase.
At least four parameters influence the mode-discrimination, namely
1. The thickness of the substrate cavity, L: Longer cavities are expected to
provide larger mode-discrimination.
2. The aperture diameter, d: Smaller apertures are expected to provide larger
mode-discrimination.
3. The number of periods in the middle DBR, N1 : Smaller numbers of periods
are expected to provide larger mode-discrimination.
4. The number of periods in the bottom DBR, N2 : Larger numbers of periods
are expected to provide larger mode-discrimination.
The expectations of the two former are based on a simple idea, namely the more
diffraction, the more mode-discrimination. The expectations of the two latter
are based on the influence of the substrate cavity, the more substrate cavity
influence, the more mode-discrimination.

4.3

Chapter Summary

An oxide-confined coupled-cavity bottom-emitting VCSEL is a laser structure
with two cavities; one is short and the other is long. The long cavity is expected to introduce multiple longitudinal modes, but also to provide modediscrimination of the higher order transverse modes, and therefore allow for
single-transverse-mode operation. A more thorough investigation of the structure must be performed to understand the properties in details. This is done in
Chapter 8.

Chapter 5

Theory for the Optical Field
in Rotationally Symmetric
Semiconductor Structures
The optical field in any physical structure is fully described by Maxwell´s equations and the two constitutive equations.
In this chapter a paraxial wave equation for the electric field, which is shown
to describe the propagation of the optical field in VCSELs, is derived under
certain material- and structure conditions. Considering harmonic fields only,
the wave equation takes on the form of Helmholtz´ equation, which is solved for
the general solutions. Boundary conditions, relating the optical field on either
side of structure interfaces, are derived, and a brief summary is of the chapter
is provided.

5.1

Maxwell´s Equations

Maxwell´s equations can be expressed on integral- or differential form. The
equations are presented here on differential form, without further discussion,
and the reader is referred to the literature for a more in-depth treatment of the
subject [30, 31].
The generalized Ampère´s law states that both current and time-varying
electric flux induce magnetic fields,
  ∂D
~
~ =
~
curl H
+ J,
∂t

(5.1)

~ is the magnetic field , D
~ is the electric flux density and J~ is the current
where H
density.
Faraday´s law states that a time-varying magnetic flux induces an electric
field,
 
~
∂B
curl E~ = −
,
(5.2)
∂t
~ is the magnetic flux density.
where E~ is the electric field and B
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Gauss´ law for electric fields relates the electric flux to electric charge,
 
~ = ρ,
div D
(5.3)
where ρ is the electric charge.
Gauss´ law for magnetic fields is a statement of the fact that “magnetic
charge” does not exist,
 
~ = 0.
div B
(5.4)
Along with Maxwell´s four equations come two constitutive equations, describing the relation between the electric field and the electric flux density,
~ = E,
~
D

(5.5)

and between the magnetic field and the magnetic flux density,
~ = µH.
~
B

(5.6)

Here  = 0 r is the permittivity of the material and µ = µ0 µr is the permeability;
0 is the vacuum permittivity, r is the relative permittivity 1 , µ0 is the vacuum
permeability and µr is the relative permeability.
Although Maxwell´s equations and the two constitutive equations appear
simple they are capable of describing any and all electromagnetic fields in vacuum and matter. As such, the six equations completely describe all physical
theory necessary to perform the analysis of this thesis. Indeed, the rest of the
thesis may be considered merely the application of Maxwell´s equations to the
semiconductor structures referred to as CCBE-VCSELs.

5.2

The Paraxial Wave Equation for the Electric
Field

Assuming certain material- and structure properties a wave equation, describing
the electric field in VCSELs, is derived from Maxwell´s equations.
Assuming time-independent permittivity, ∂
∂t = 0, the generalized Ampère´s
law becomes
 
~
~ =  ∂ E + J,
~
curl H
(5.7)
∂t
~ = E.
~ The assumption of time-independent permittivity is valid since
since D
this thesis deals only with continuous wave (CW) operation of VCSELs. There is
no modulation, or any other kind of external variation in the physical conditions,
and therefore no reason for the permittivity to change in time. Differentiating
with respect to time,
 
∂ 2 E~ ∂ J~
∂ 
~
curl H
= 2 +
,
∂t
∂t
∂t
1 The

relative permittivity, r , is also known as the dielectric constant.

(5.8)
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~

and assuming time-independent current density, ∂∂tJ = 0,
!
~
∂H
∂ 2 E~
curl
= 2,
∂t
∂t

(5.9)

where the same arguments for time-independence are valid.
Assuming time-independent permeability, ∂µ
∂t = 0, Faraday´s law becomes
 
~
∂H
curl E~ = −µ
,
∂t

(5.10)

~ = µH.
~ Once again the same arguments for time-independence are valid.
since B
Rearranging Equation (5.10) and inserting into Equation (5.9),
µ


 
∂ 2 E~
=
−curl
curl
E~
∂t2

(5.11)

or


 
∂ 2 E~
(5.12)
= ∇2 E~ − grad div E~ ,
2
∂t
where the vector identity curl (curl (~v )) = −∇2~v + grad (div (~v )) has been used,
and ∇2 is known as the Laplacian [32].
For propagating electromagnetic fields Gauss´ law for electric field, i.e.
Equation (5.3), reads [33]
 
~ = 0,
div D
(5.13)
µ

i.e. the divergence of the electric flux density is zero. All structures discussed
in this thesis are non-charged, but at the interfaces between layers of different
semiconductor materials small dislocations of charge occur due to differences in
bandgab. Then, ρ 6= 0 in regions called space charge regions near the interfaces,
and Equations (5.3) and (5.13) appear to be contradictory. However, the electric
field in semiconductors may be separated into a static- and a dynamic part, and
only the dynamic part is of interest in this thesis. In other words, static electric
fields, caused by space charge near interfaces, are of no interest and will be
disregarded; Equation(5.13) is therefore valid, and will be used in the derivation
of the wave equation.
~ = E~ into Equation (5.13),
Inserting D
 
div E~ = 0
(5.14)
or

 
grad () E~
div E~ = −
,
(5.15)

the divergence of the electric field is seen to be zero if the electric field or the
gradient of the permittivity is zero in the region of interest. In the center of the
epitaxial layers in VCSELs the latter is the case, and Equation (5.15) becomes
 
div E~ = 0.
(5.16)
At the perimeter of the VCSEL and at the interfaces between different semiconductor layers, however, the gradient of the permittivity is not zero, and
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further argumentation is necessary to verify the legitimacy of Equation (5.16).
The 3-dimensional optical field model developed in this thesis, and described
in Chapter 6, utilizes a reference cylinder with perfectly reflecting walls, i.e.
a cylinder in which the electric field is zero at the walls. In this description
E~ = 0 at the perimeter of the VCSEL, which is placed at the reference cylinder
walls, and Equation (5.16) is valid. At the interfaces between different semiconductor layers neither the electric field, nor the gradient of the permittivity is
zero. However, under the paraxial approximation, which is discussed below, the
electric field lies in the plane of the semiconductor layers in which the gradient
of the permittivity
  is zero. Under this approximation Equation (5.16) is also
valid and div E~ = 0 will be used throughout the remainder of this thesis.
Inserting Equation (5.16) into (5.12),
∇2 E~ − µ

∂ 2 E~
= 0.
∂t2

(5.17)

Equation (5.17) is a wave equation describing the propagation of electric fields
with phase speed vp = √1µ . Using µ = µ0 and  = 0 r the phase speed can be
written
c
vp = √ ,
(5.18)
r
where c = √10 µ0 is the speed of light in vacuum. Note that the equation is only
valid under the imposed material- and structure conditions.
Using the generalized Ampère´s law, Faraday´s law and Gauss´ law for
magnetic fields, i.e. Equations (5.1), (5.2) and (5.4), a similar wave equation
for the magnetic field can be derived in an analogous manner. The magnetic field
can, however, also be found from the electric field, through Maxwell´s equations,
as stated in Equation (5.53) and the two following equations, and the electric
field alone therefore fully describes the electromagnetic field. Therefore, the
electric field only will be treated throughout the duration of this thesis.
The propagating optical fields in VCSELs are almost paraxial, i.e. the propagation occurs almost exclusively along the optical axis, which means that the
electric field vector lies almost in the plane of the epitaxial layers, i.e. Ez ≈ 0.
Under the paraxial approximation, under which it is assumed that the field propagates directly along the optical axis, the paraxial wave equation for the electric
field, i.e. Equation (5.17), becomes
∇2 E − µ

∂2E
= 0.
∂t2

(5.19)

The paraxial approximation also implies that the longitudinal propagation constant is much larger than the radial propagation constant, βz >> βr , both of
which are defined in Section 5.3.
In this description the polarization properties of the electric field are totally
lost; all that is known, is that the field lies in the plane of the epitaxial layers,
the xy-plane. The direction of the polarization in this plane could be described
by its x- and y-components, but since the structures of interest have perfect
rotational symmetry there is no “natural” coordinate system of the structure to
which such polarization information can be related, and it therefore simply does
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not make sense to talk about a polarization direction in the plane. Throughout
the remainder of this thesis the optical field will be described by Equation (5.19),
i.e. a scalar wave equation.
The use of the paraxial approximation in the description of the optical field
in VCSELs is very common. A full vectorial description of the field is more
accurate, especially for structures with small apertures, but much more complicated. The CCBE-VCSELs discussed in this thesis have large apertures, and
the approximation is good in such structures, due to the small size of βr . Also,
the main interest of this thesis is the investigation of device trends, whereas the
more complex effects, such as polarization- and other vectorial effects, are neglected. All in all, the use of the paraxial approximation in this thesis simplifies
calculations a great deal, while providing meaningful results of device trends.

5.3

Helmholtz´ Equation for the Electric Field

In order to solve Equation (5.19) the electric field, in its scalar approximation,
is represented by the complex representation,


e r) e−iωt ,
(5.20)
E(~r, t) = Re E(~
e r) is the complex representation of the field and the time-dependence
where E(~
has been extracted into the exponential function, where ω is the angular frequency of oscillation. In Equation (5.20) the electric field is resolved into harmonics, which is possible through Fourier analysis [34]. The electric field is the
integral over all (continuous) harmonics but, for now, only a single harmonic is
treated.
Inserting Equation (5.20) into (5.17) the complex representation of the electric field must satisfy,
e r) + k 2 E(~
e r) = 0,
∇2 E(~
(5.21)
where the propagation constant, k, is defined by k 2 ≡ µ0 ω 2 . This equation is
known as Helmholtz´ equation.
Expressing the Laplacian operator in cylindrical coordinates [34],
∇2 =

∂2
1 ∂
1 ∂2
∂2
+
+
+
,
∂r2
r ∂r r2 ∂θ2
∂z 2

(5.22)

the Helmholtz equation becomes
1 ∂ 2 Ee ∂ 2 Ee
∂ 2 Ee 1 ∂ Ee
+
+
+ 2 + k 2 Ee = 0,
∂r2
r ∂r
r2 ∂θ2
∂z

(5.23)

e θ, z).
where it is understood that Ee = E(r,
Using separation of variables,
e θ, z) = Eer (r) Eeθ (θ) Eez (z),
E(r,

(5.24)

solutions that are products of three functions, one for each spacial variable, can
be obtained. Separation of variables is a commonly used technique for solving
partial differential equations in physics, and its results are recognized to provide
a complete orthogonal basis set.

Theory for the Optical Field in Rotationally Symmetric
Semiconductor Structures

42

With the separated form of the complex representation the five terms of
Equation (5.23) become
e θ, z)
∂ 2 E(r,
∂r2
e θ, z)
1 ∂ E(r,
r
∂r
e θ, z)
1 ∂ 2 E(r,
r2
∂θ2
2e
∂ E(r, θ, z)
∂z 2
e θ, z)
k 2 E(r,

=
=
=
=
=

d2 Eer (r) e
Eθ (θ) Eez (z)
dr2
1 dEer (r) e
Eθ (θ) Eez (z)
r dr
1 e
d2 Eeθ (θ) e
E
(r)
Ez (z)
r
r2
dθ2
d2 Eez (z)
Eer (r) Eeθ (θ)
dz 2
k 2 Eer (r) Eeθ (θ) Eez (z),

(5.25)
(5.26)
(5.27)
(5.28)
(5.29)

where the derivatives on the right hand sides are ordinary derivatives. Dividing
e θ, z), and re-collecting the five terms, the Helmholtz equation
each term by E(r,
becomes
d2 Eer (r) 1 1 dEer (r)
+
r Eer (r) dr
Eer (r) dr2
1 1 d2 Eeθ (θ)
1 d2 Eez (z)
+ 2
+
+ k 2 = 0.
r Eeθ (θ) dθ2
Eez (z) dz 2
1

(5.30)

The second last term is a function of Eez (z) only. It is equal to a sum of
terms that do not contain Eez (z), and must therefore equal a constant,
d2 Eez (z)
= constant ≡ −βz2 .
Eez (z) dz 2
1

(5.31)

Substituting the term by −βz2 and multiplying the equation by r2 ,

r2 d2 Eer (r)
r dEer (r)
1 d2 Eeθ (θ)
+
+ k 2 − βz2 r2 = 0.
+
2
2
e
e
e
dr
dr
dθ
Er (r)
Er (r)
Eθ (θ)

(5.32)

Now the second last term depends only on Eeθ (θ), and is a function of terms
independent of Eeθ (θ). Again, this means that the term must equal a constant,
d2 Eeθ (θ)
= constant ≡ −m2 .
Eeθ (θ) dθ2
1

(5.33)

Substituting the term by −m2 and multiplying through by Eer (r) the Helmholtz
equation in terms of Eer (r) takes on the form
r2



d2 Eer (r)
dEer (r)  2
+r
+ k − βz2 r2 − m2 Eer (r) = 0.
2
dr
dr

(5.34)

The separation of variables has transformed the partial differential equation,
Equation (5.23), into three ordinary differential equations, Equations (5.31),
(5.33) and (5.34). The general solutions to these equations are well known and
will be found in the next section.
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General Solutions to Helmholtz´ Equation

Equations (5.31) and (5.33) can be rewritten
d2 Eez (z)
+ βz2 Eez (z) = 0
dz 2

(5.35)

d2 Eeθ (θ)
+ m2 Eeθ (θ) = 0,
dθ2

(5.36)

Eez (z) = C1 eiβz z + C2 e−iβz z

(5.37)

Eeθ (θ) = C3 cos (mθ) ,

(5.38)

and

with solutions [32]

and
where C1 , C2 and C3 are constants, βz is the longitudinal propagation constant
and m is the azimuthal propagation constant. The two equations are analogous,
but different functional forms of solutions are used, in anticipation of the interpretation of the results. Equation (5.38) must also contain a sine-term to be
a complete solution. Due to the perfect rotational symmetry of the structures
discussed in this thesis, however, such a term would simply introduce a set of
solutions, which are orthogonal to the cosine-solutions, and provide degenerate
results for the resonance wavelengths and threshold gains. Again, since there is
no “natural” coordinate system to which the sine- and cosine-solutions can be
referred, it simply does not make sense to include them both.
The function Eeθ (θ) must replicate itself with period θ = 2π,
Eeθ (θ + 2π) = Eeθ (θ),

(5.39)

which is true for real, positive integer values of m. Real, negative integer values
are also valid, but since the cosine function is an even function in m only positive
values of m are needed.
p
Defining the radial propagation constant, βr ≡ k 2 − βz2 , the radial part,
r2


d2 Eer (r)
dEer (r)  2 2
+r
+ βr r − m2 Eer (r) = 0,
2
dr
dr

(5.40)

is recognized as Bessel´s equation with solutions [32]
Eer (r) = C4 Jm (βr r) + C5 Ym (βr r) ,

(5.41)

where C4 and C5 are constants, Jm (βr r) is the Bessel function of the first
kind , order m, and Ym (βr r) is the Bessel function of the second kind , also
known as the Neumann function, order m. Note that although spherical Bessel
functions exist it is understood that all Bessel functions discussed in this thesis
are cylindrical. The Bessel functions are shown in Figures 5.1 and 5.2. It is
apparent that the Bessel functions of the second kind diverge for r → 0. This
is not physically realizable, since it suggests an infinite electric field at r = 0,
and only the Bessel functions of the first kind are valid solutions. In some areas
of optics the Bessel functions of the second kind are valid solutions in areas
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of structures situated away from r = 0, e.g. in fiber optics, where the Bessel
functions of the second kind are valid solutions in the cladding of step-index
optical fibers. Throughout this thesis the solutions must be finite at r = 0, and
therefore C5 = 0. p
If instead σ ≡ βz2 − k 2 is defined, i.e. σ = iβr , the radial part,
r2


dEer (r)  2 2
d2 Eer (r)
+r
− σ r + m2 Eer (r) = 0,
2
dr
dr

(5.42)

is recognized as Bessel´s modified equation with solutions [32]
Eer (r) = C4 Im (σr) + C5 Km (σr) ,

(5.43)

where C4 and C5 are constants, Im (σr) is the modified Bessel function of the
first kind , order m, and Km (σr) is the modified Bessel function of the second
kind , order m. The modified Bessel functions are shown in Figures 5.3 and
5.4. It is obvious that the modified Bessel functions of the second kind are
not physically realizable, since they diverge for r → 0. The modified Bessel
functions of the first kind have no roots and are therefore also not valid physical
solutions. This cannot be justified at present but will be so in Section 6.2.1,
where the boundary condition Eer (r0 ) = 0, which the modified Bessel functions
of the first kind cannot comply with, is imposed.
The complex representation of a single harmonic of the electric field propagating towards ±z is then
Ee± (r, θ, z) = C± Jm (βr r) cos (mθ) e±iβz z ,

(5.44)

where C± is a constant, and the electric field propagating towards ±z is
Z

−iωt
e
E± (r, θ, z, t) = Re
E± (r, θ, z) e
dω ,

(5.45)

where the integration is over all angular frequencies, ω.
The relative permittivity, r , is a complex constant and its real and an imaginary parts are mutually related
through the Kramers-Kronig relations [35]. The
√
ω r
propagation constant, k = c , must therefore also have both real- and imaginary parts.
The definition of the real and positive radial propagation constant,
p
βr ≡ k 2 − βz2 , shows that βz must therefore also be complex. Equation (5.44)
shows that an imaginary part in βz gives rise to optical gain or loss upon propagation towards positive or negative z, depending on the sign of βz . Optical
gain and loss are well known physical phenomena in semiconductor materials,
as described briefly in Section 2.4, and the use of complex βz is well established
in the literature. The real part of βz is related to the refractive index and the
imaginary part is related to gain or loss.

5.5

Boundary Conditions at Semiconductor Interfaces

The electric field must obey certain boundary conditions at the interfaces between different epitaxial layers. The two boundary conditions necessary in this
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Figure 5.1: Bessel functions of the first kind, order m = 0, 1, 2, 3. The Bessel
functions of the first kind are finite at r = 0.

Figure 5.2: Bessel functions of the second kind, also known as Neumann functions,
order m = 0, 1, 2, 3. The Bessel functions of the second kind diverge for r → 0.
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Figure 5.3: Modified Bessel functions of the first kind, order m = 0, 1, 2, 3. The
modified Bessel functions of the first kind diverge for r → ∞.

Figure 5.4: Modified Bessel functions of the second kind, order m = 0, 1, 2, 3. The
modified Bessel functions of the second kind diverge for r → 0.
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thesis are derived presently in a non-thorough manner, and the reader is referred
to the literature for an in-depth treatment of the derivations [36].
Equation (5.16),
 
div E~ = 0,
states that the divergence of the electric field must be zero, as discussed in
Section 5.2. Integrating the equation over the closed integration path shown in
Figure 5.5 gives
I
 
(5.46)
div E~ = 0
or
E~1t ~l − E~2t ~l = 0,

(5.47)

since the electric field is assumed to lie in the plane of the interface, under the
paraxial approximation, and the height vectors ~h1 and ~h2 can be made arbitrarily small. Here, E~1t and E~2t are the transverse electric field vector components
in the two layers. Then
E~t1 = E~t2 ,
(5.48)
i.e. the transverse part of the electric field must be continuous across interfaces.

Figure 5.5: Semiconductor interface with integration path shown in red, length
vector ~l, infinitesimal length element d~l, and height vectors ~h1 and ~h2 .

The permeability of all semiconductor materials discussed in this thesis is
assumed to be equal to that of vacuum, µ = µ0 , so Equation (5.4),
 
~ = 0,
div B
implies that
 
~ =0
div H

(5.49)

and a similar result appears for the magnetic field,
~ t1 = H
~ t2 ,
H

(5.50)

i.e. the transverse part of the magnetic field is continuous across interfaces.
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Assuming harmonic fields, i.e. the magnetic field is on the same form as
Equation (5.20), Equation (5.10) becomes
 
~
∂H
curl E~ = −µ
∂t
~
= iµω H,

(5.51)
(5.52)

or


i
∂Ez
∂Ey
−
µω ∂y
∂z


i
∂Ex
∂Ez
Hy = −
−
µω ∂z
∂x


i
∂Ey
∂Ex
Hz = −
−
,
µω ∂x
∂y

Hx = −

(5.53)
(5.54)
(5.55)

where it is apparent that the magnetic field can be found once the electric field
is known, as stated in Section 5.2.
Under the paraxial approximation Ez = 0 so,
i ∂Ey
µω ∂z
i ∂Ex
,
Hy = −
µω ∂z

Hx =

(5.56)
(5.57)

and with µ = µ0 on both sides of the interface, continuity of the transverse part
of the magnetic field is equivalent to
∂ E~t1
∂ E~t2
=
,
∂z
∂z

(5.58)

i.e. the z-derivative of the transverse part of the electric field is continuous
across the interface.
As mentioned earlier the structures under investigation are rotationally symmetric and the xy-plane can be rotated to leave Ex = 0 or Ey = 0 without any
loss of generality. Then, the transverse electric field has only one vector component so Equations (5.48) and (5.58) are replaced by
Ee1 = Ee2

(5.59)

∂ Ee1
∂ Ee2
=
,
∂z
∂z

(5.60)

and

respectively, where the complex representation is used.
Since the magnetic field can be found from the electric field, the latter describes all electromagnetic phenomena under the discussed conditions, and the
electric field will henceforth be referred to as the optical field .

5.6 Chapter Summary
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Chapter Summary

A paraxial wave equation for the electric field has been derived from Maxwell´s
equations under the assumptions of time-independent permittivity, current density and permeability. It has been shown that this equation describes the optical
field in rotationally symmetric semiconductor structures under the paraxial approximation. The general solutions to the wave equation have been found and
the boundary conditions for the optical field at semiconductor interfaces have
been derived.

Chapter 6

3-Dimensional Model for
the Optical Field in
CCBE-VCSELs
Many different models for the optical field in VCSELs can be found in the literature. The effective index model introduced by Hadley [23], which was discussed
briefly in Section 3.1, is in use by Alight Technologies, and has therefore been
examined more thoroughly than other models in this project. In short, the
model defines an effective refractive index for each of a number of concentric
regions in the VCSEL, based on differences in the longitudinal resonance wavelengths of these regions. The optical modes of the VCSEL are then the modes
found for a standard step-index optical fiber . This model offers phenomenological insight into the lateral confinement of the optical field in VCSELs and is
very fast. However, it is unable to describe diffraction effects, since the optical
field is regarded as propagating through a step-index structure, and is therefore
unfit to describe the optical field in VCSEL structures where such effects are
important, among these CCBE-VCSELs.
A 1-dimensional model for the optical field in VCSELs has been developed in
this project. As mentioned in the preface, the model is not capable of properly
describing the optical field in CCBE-VCSELs — its 1-dimensional nature simple
does not allow for the description of the predominant diffraction effects. The
model is therefore only described briefly in Appendix B.
The optical field in CCBE-VCSELs, including these important diffraction
effects, can be described in a number of different ways, one of which is by an
eigenmode expansion model. Such a 3-dimensional optical field model, inspired
by [37] and [38], has been developed, implemented and tested in this project.
The implementation is referred to as “MoS3D” and consists of approximately
2300 lines of MATLAB code distributed on 28 MATLAB m-files. It has been
successfully tested in MATLAB versions 5.1 and 6.5.
In this chapter an overview of the model is presented, the four “steps” in
the model are described in details, the user interface is described briefly and a
short summary is provided.

6.1 Model Overview
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Model Overview

The 3-dimensional optical field model, MoS3D, is divided into four parts. The
parts are presented presently and discussed in details in the next sections.
1. For a given wavelength Maxwell´s equations are solved to find an orthogonal set of eigenfunctions for a reference cylinder with totally reflecting
walls. The eigenfunctions of the reference cylinder are denoted the basic
eigenmodes.
2. The optical field in each epitaxial layer of the VCSEL structure to be
analyzed is expanded in terms of the basic eigenmodes, the expansions
are inserted into Maxwell´s equations, and the eigenvalue problems that
arise are solved for the eigenfunctions of each layer. The eigenfunctions of
each layer, expressed as linear combinations of the basic eigenmodes, are
denoted the layer eigenmodes.
3. The optical fields in all epitaxial layers are expanded in terms of the respective layer eigenmodes. The reflection- and transmission coefficients for
all layer eigenmodes at all interfaces between epitaxial layers are found,
and the reflection properties of the structure on either side of the active
cavity are found.
4. An eigenvalue problem, representing the laser oscillation condition, is set
up, and the wavelength and gain are varied to find eigenfunctions with
eigenvalue 1. These eigenfunctions are the optical fields that obey the
laser oscillation condition, i.e. they are laser eigenmodes.

6.2

The Basic Eigenmodes

The reference cylinder is described presently, and the solutions to Helmholtz´
equation in this cylinder are found. From these solutions the basic eigenmodes
are defined, and these are described in details.

6.2.1

The Reference Cylinder

In order to find an orthogonal set of solutions to the wave equation for the optical
field a reference cylinder with refractive index n0 is introduced. The cylinder
has no gain or loss, so the longitudinal propagation constant, βz , is purely real.
The cylinder does not have to appear in the structure under consideration, but
must be chosen carefully so that a minimum of calculations must be done to
attain the required numerical precision. Such a cylinder is shown in Figure 6.1.
If the cylinder diameter, d0 , is large, compared to the aperture diameter
of the structure under consideration, d, the optical field at the walls of the
cylinder is very small. The diameter of the cylinder is chosen to be 5 times that
of the aperture, and the optical field intensity is assumed to be vanishing at the
cylinder perimeter. The boundary condition Eer (r0 ) = 0, where r0 = d0 /2, is
then a good approximation. This boundary condition, however, has the effect
of “reflecting” all of the field back into the structure, and no lateral losses are
included in this description. Therefore, it is vital that the diameter of the
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Figure 6.1: The reference cylinder with refractive index n0 and diameter d0 .

reference cylinder is much larger than that of the aperture. Were it not, socalled parasitic reflections would cause the results of analyses to be wrong. The
diameter of the cylinder, on the other, must not be too large, since a large
number of basic eigenmodes would be required to describe the details of the
optical field in the structure. The larger the ratio between the diameter of the
reference cylinder and that of the aperture, the more basic eigenmodes must be
used, which increases calculation times.
This boundary condition is the reason why the modified Bessel functions of
the first kind are not valid physical solutions, as discussed in Section 5.4. The
modified Bessel functions simply cannot comply with this boundary condition,
due to their lack of roots.
It should be noted that more advanced boundary conditions exist, e.g. perfectly matched layers, in which a complex radius of the reference cylinder is
defined [39]. This results in absorption of the optical field at the boundary,
which represents the transverse radiation losses, which occur in VCSELs. Such
advanced boundary conditions are not used here for reasons of simplicity.

6.2.2

Solutions to Helmholtz´ Equation in Reference Cylinder

The solutions to the wave equation describing the optical field were found in Section 5.4. There, the azimuthal boundary condition Eeθ (θ + 2π) = Eeθ (θ) imposed
the condition m = 0, 1, 2, 3, · · · on the azimuthal solutions, i.e. the azimuthal
propagation constant, m, takes on discrete values.
As discussed in the previous section the reference cylinder imposes the radial
boundary condition Eer (r0 ) = 0 on the radial solutions. The equation
Jm (βr r0 ) = 0

(6.1)

must then be satisfied for the boundary condition to be met, which is the case
for the values of m and βr r0 listed in Table 6.1. It is evident that also the radial
propagation constant, βr , takes on discrete values determined by the radius of
the reference cylinder.
The transverse wave equation solution, i.e. the transverse part of Equation (5.44), is then
Eet (r, θ) = C Eer (r) Eeθ (θ)
= C Jm (βr r) cos (mθ) ,

(6.2)
(6.3)

6.2 The Basic Eigenmodes

n=1
n=2
n=3
n=4

m=0
2.405
5.520
8.654
11.792

m=1
3.832
7.016
10.174
13.324
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m=2
5.136
8.417
11.620
14.796

m=3
6.380
9.761
13.015
16.224

m=4
7.588
11.065
14.373
17.616

m=5
8.772
12.339
15.700
18.980

m=6
9.936
13.589
17.004
20.321

Table 6.1: Roots of the Bessel function of the first kind, i.e. values of βr r0 for
which Jm (βr r0 ) = 0. Only the first four roots of the Bessel functions of order
zero to six are shown, and the trivial solutions at βr r0 = 0 for m ≥ 1, evident in
Figure 5.1, are omitted.

with discrete values of βr and m.

6.2.3

The Basic Eigenmodes

The transverse wave equation solutions will henceforth be referred to as the
basic eigenmodes, and will be denoted Ee0i (r, θ), i.e.
Ee0i (r, θ) = Ci Eeri (r) Eeθi (θ)
= Ci Jmi (βri r) cos (mi θ) .

(6.4)
(6.5)

As discussed at the end of Section 5.4 the radial propagation constant is a real,
positive number, which is smaller than the propagation constant, i.e. βr <
k. For a given refractive index of the reference cylinder, n0 , and at a given
wavelength, λ, the propagation constant in the reference cylinder, which can
0
be written k0 = 2πn
λ , has a certain value, and only a finite number of basic
eigenmodes exists. This number, denoted N0 , decreases with decreasing cylinder
diameter.
The basic eigenmodes are characterized by their transverse mode profiles, i.e.
their different optical field intensity distributions across the transverse plane of
the laser, and propagate towards ±z as e±iβzi z , as is apparent from the longitudinal solutions to the wave equation. Note that the forward and backward
moving components are not necessarily of the same amplitude. The transverse
mode profiles of the first 12 basic eigenmodes, i.e. the basic eigenmodes with
the lowest βr , are shown in Figure 6.2. The modes look like the linearly polarized modes (LP modes), known from optical fiber theory, and it seems logical to
utilize the same mode designation scheme for the basic eigenmodes. Therefore,
the modes with m = 0 are designated LP0,i , where i = 0, 1, 2, 3, · · ·, and the
modes with m = 1 are designated LP1,i etc.
The basic eigenmode LP0,1 is referred to as the fundamental mode and LP1,1
as the first order mode. While this seems an obvious choice for step-index optical
fibers, based on the order in which the modes become free to propagate, when
the diameter of a fiber is increased, it is not so obvious when dealing with
VCSELs. The fundamental mode might be chosen as the mode that lases first,
i.e. the mode with the lowest threshold gain, and the first order mode as the
mode that lases second. However, the mode with the lowest threshold gain for
one aperture diameter is not necessarily the mode with the lowest threshold
gain for a different aperture diameter. To avoid confusion the designations
“fundamental mode” and “first order mode” are defined in this thesis as stated
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(a) LP0,1

(b) LP1,1

(c) LP2,1

(d) LP0,2

(e) LP3,1

(f) LP1,2

(g) LP4,1

(h) LP2,2

(i) LP0,3

(j) LP5,1

(k) LP3,2

(l) LP6,1

Figure 6.2: Transverse optical field intensity distribution of the first 12 basic eigenmodes. High intensity areas are shown in red and low intensity areas are shown
in dark blue. The indices in the LP mode designation scheme, m and n, denote
the number of nodes, i.e. the number of lines/rings where the field is zero, in the
azimuthal and radial directions, respectively.
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above. All other modes are referred to as higher order modes. These mode
designations do not apply exclusively to the basic eigenmodes. They are used
when discussing layer- and laser eigenmodes of VCSEL structures as well. The
designations therefore refer to the transverse optical field intensity distribution,
i.e. the way a mode “looks”.
The inner product between two basic eigenmodes,
Z r0 Z 2π


Ee0i (r, θ)∗ Ee0j (r, θ) r dθ dr
(6.6)
Ee0i , Ee0j ≡
0

0

Z

2π

Eeθi (θ)∗ Eeθj (θ) dθ
0


= Ci Cj Eeθi , Eeθj
Eeri , Eerj ,

Z

= Ci Cj

r0

Eeri (r)∗ Eerj (r) r dr

(6.7)

0

(6.8)





is non-zero only for i = j, since Eeθi , Eeθj is zero for mi 6= mj and Eeri , Eerj
is zero for mi = mj , i 6= j. Choosing the constants so that the inner product
is unity for i = j the basic eigenmodes are orthonormal on r ∈ [0, r0 ] and
θ ∈ [0, 2π] with the weight function r, i.e.


(6.9)
Ee0i , Ee0j = δi,j ,
where δi,j is the Kronecker delta function, which is unity for i = j and zero
otherwise.
Any transverse part of the optical field can be expanded in terms of the basic
eigenmodes,
N0 

X
Eet , Ee0i Ee0i (r, θ),
Eet (r, θ) =
(6.10)
i=1

where the inner product is over both r and θ, i.e. it is a double integral, and the
weight
function
r must be included when integrating over r. The inner product


e
e
Et , E0i is interpreted as the projection of the transverse field Eet (r, θ) onto the
basic eigenmode Ee0i (r, θ).
Instead of using the full basis set, consisting of the first basic eigenmodes
with m = 0, 1, 2, 3, · · ·, it is practical to use a reduced basis set. For example,
when analyzing for the resonance wavelength and threshold gain of the fundamental mode the first basic eigenmodes with m = 0 can be used, since these are
the only basic eigenmodes that contribute to the fundamental mode. A basic
eigenmode without perfect rotational symmetry simply cannot contribute to a
laser eigenmode with such symmetry. Similarly, the first basic eigenmodes with
m = 1 can be used in the analysis of the resonance wavelength and threshold
gain of the first order mode. Using e.g. the 10 first basic eigenmodes with
m = 0 or m = 1 instead of the first 120 basic eigenmodes with m = 0, 1, 2, 3, · · ·
provides similar results, while drastically reducing calculation times. The first
six basic eigenmodes with m = 0 are shown in Figure 6.3, and the first six basic
eigenmodes with m = 1 are shown in Figure 6.4.
The number of basic eigenmodes used, whether it is the full- or the reduced
basis set, is denoted N . Since an incomplete basis set is used, i.e. N < N0 , an
error in the results is inherent to the model. A complete basis set could be used,
but this would require tremendous computer powers, which are not available. A
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(a) LP0,1

(b) LP0,2

(c) LP0,3

(d) LP0,4

(e) LP0,5

(f) LP0,6

Figure 6.3: Transverse optical field intensity distribution of the first six basic eigenmodes with m = 0.

(a) LP1,1

(b) LP1,2

(c) LP1,3

(d) LP1,4

(e) LP1,5

(f) LP1,6

Figure 6.4: Transverse optical field intensity distribution of the first six basic eigenmodes with m = 1.
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convergence analysis is performed in Section 7.2 in order to estimate the size of
the error, and the number of basic eigenmodes, which must be used to achieve
reasonable results.

6.2.4

Eigenvalue Equations

p
2 Equation (5.40) can be written in the
Using the definition βr0 ≡ k02 − βz0
suggestive form

 2
1 d
d
m2 e
2 e
2
+
Er0 (r) = βz0
Er0 (r),
+
k
−
(6.11)
0
dr2
r dr
r2
where it is apparent that it is an eigenvalue equation. The propagation constant,
k0 , is that of the reference cylinder, which is indicated by the index “0”, and
so the eigenfunctions and eigenvalues are also those of the reference cylinder.
Introducing the linear operator Ô0 the equation can be written
2 e
Ô0 Eer0 (r) = βz0
Er0 (r),

(6.12)

where Ô0 is defined from the square parenthesis in Equation (6.11). It is apparent that the operator depends on the refractive index of the reference cylinder
0
e
through k0 = 2πn
λ . Since Eθ (θ) is independent of r, and the operator Ô0 operates on r only, the basic eigenmodes are also eigenfunctions of the operator
Ô0 ,
2 e
Ô0 Ee0i (r, θ) = βz0i
E0i (r, θ),
(6.13)
where partial derivatives must be used in the operator. The eigenvalues of this
2
equation, βz0i
, are referred to as the basic eigenvalues. The basic eigenvalues
are actually the absolute squares of the longitudinal propagation constants in
the reference cylinder.
Using the convenient Dirac notation, in which
|Ee0i > ≡ Ee0i (r, θ)
∗
< Ee0i | ≡ Ee0i
(r, θ)


< Ee0i |Ee0j > ≡ Ee0i , Ee0j

(ket)

(6.14)

(bra)

(6.15)

(bracket)

(6.16)

are defined, the eigenvalue equation is written
2
Ô0 |Ee0i >= βz0i
|Ee0i > .

(6.17)

The Dirac notation is very popular in quantum mechanics, but not standard
notation within the scope of this thesis. It is, however, fully applicable and very
convenient, and will therefore be used. For an in-depth discussion of Dirac´s
notation the reader is referred to the literature [15].

6.3

The Layer Eigenmodes

The optical field in the mth epitaxial layer is expanded in terms of the basic
eigenmodes,
N
X
|Eem >=
ai |Ee0i >,
(6.18)
i=1
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where the ith coefficient ai is
ai =< Ee0i |Eem >,

(6.19)

interpreted as the projection of the optical field in layer m, |Eem >, onto the ith
basic eigenmode, |Ee0i >. The eigenvalue equation for the mth layer is
2
Ôm |Eem >= βzm
|Eem > .

(6.20)

The operator, Ôm , differs from the operator of the reference layer, Ô0 , through
the different value of k 2 within the radius of the layer, as is apparent in Equation (6.11). Inserting the eigenmode expansion and “multiplying” through by
< Ee0j |
N
N
X
X
2
(6.21)
ai < Ee0j | Ôm |Ee0i >= βzm
ai < Ee0j |Ee0i > .
i=1

i=1

Due to the orthonormality of the basic eigenmodes the bracket on the right
hand side is unity for i = j and zero otherwise so
N
X

2
ai < Ee0j | Ôm |Ee0i >= βzm
aj

(6.22)

i=1

or

N
X

2
ai Oj,i = βzm
aj ,

(6.23)

i=1

where the matrix elements
Oj,i =< Ee0j | Ôm |Ee0i >

(6.24)

have been defined. In matrix form this equation is equivalent to





O1,1 O1,2 · · · O1,N
a1
a1
 O2,1 O2,2
  a2 
 a2 




2 
= βzm
 ..



 .. 
.
.
..
 .
  .. 
 . 
ON,1

ON,N

aN

(6.25)

aN

or
2
Ō ā = βzm
ā.

(6.26)

In order to find the eigenmodes of layer m the eigenvalue problem above must
be solved. The eigenvectors found contain the coefficients of the expansion of
the eigenmodes of the layer, the layer eigenmodes, into basic eigenmodes, i.e.
|Eem,k >=

N
X

aki |Ee0i >,

(6.27)

i=1

where aki are the coefficients from the kth eigenvector. In other words, the kth
eigenmode of the mth layer is expanded into basic eigenmodes with coefficients
2
aki . The eigenvalues of Equation (6.25), βzml
, called the layer eigenvalues,
represent the square of the corresponding longitudinal propagation constants.
The layer eigenmodes are, like the basic eigenmodes, characterized by different
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transverse mode profiles and propagate towards ±z as e±iβzml z . Again, the
forward and backward moving components are not necessarily of the same size.
As mentioned above, the operator Ôm differs from Ô0 through the different
value of k 2 within the radius of the mth layer. The difference in k 2 is
2
∆k 2 ≡ km
− k02

(6.28)

so the operator in layer m is
0

Ôm = Ô0 + Ôm ,

(6.29)

Ôm = ∆k 2 [1 − u (r − rm )] .

(6.30)

where

0

Here, u (r − rm ) is a Heaviside unit step function, which is zero for r < rm and
0
unity for r > rm , and the operation of the operator Ôm therefore is to multiply
by the constant ∆k 2 within the radius of the mth layer, and by zero outside the
layer. The matrix elements are then
Z

r0

Z

2π

Oj,i =
0

h
i
0
Ee0j (r, θ)∗ Ô0 + Ôm Ee0i (r, θ) r dθ dr

or
Oj,i =

2
βz0j

(6.31)

0

δj,i + ∆k

2

Z
0

rm

Z

2π

Ee0j (r, θ)∗ Ee0i (r, θ) r dθ dr,

(6.32)

0

where the orthonormality of the basic eigenmodes has been used. The first term
is simply the jth eigenvalue of the reference cylinder; it is zero off the diagonal
of the matrix. The second term is the constant ∆k 2 multiplied by the overlap
of the basic eigenmodes j and i within the transverse plane of the mth layer.
From Equation (6.32) it is apparent that the matrix elements Oj,i and Oi,j
are identical, since the basic eigenmodes are real. The matrix Ō is then symmetric, the eigenvectors of Ō are orthogonal [34] and so the layer eigenmodes
are also orthogonal. By proper normalization of the coefficients ai the layer
eigenmodes are orthonormal.
It is very practical to divide the matrix elements into such two terms, since
the overlap integrals of the last term only have to be calculated for each layer
type, as will discussed in Section 6.6. The calculation of overlap integrals is very
time consuming and by setting up the model as described above calculation
times are reduced by more than 60%.

6.4

The Reflection Properties of the Mirrors

The MoS3D model is based largely on transmission matrices. Appendix A
describes the necessary transmission matrix theory, and the appendix should be
studied if the reader is not familiar with this.
Two different types of transmission matrices are required in this model,
namely that describing the coupling of layer eigenmodes at interfaces between
different epitaxial layers and that describing the phase-evolution of layer eigenmodes upon propagation through a layer . These transmission matrices are described presently.
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6.4.1

Transmission Matrices for Interfaces

Two boundary conditions apply to the optical field at an interface, namely continuity of the field and continuity of the z-derivative of the field, as discussed in
Section 5.5. The two conditions determine the transmission matrix for interfaces
as discussed presently.
The optical fields in layers m and n, shown in Figure A.3a from Appendix A,
are represented by
|Eem > =

N
X


Cm,k+ eiβzk z + Cm,k− e−iβzk z |Eem,k >

(6.33)


Cn,l+ eiβzk z + Cn,l− e−iβzk z |Een,l >,

(6.34)

k=1

|Een > =

N
X
l=1

respectively. The fields have been expanded into layer eigenmodes, and the
longitudinal terms, defining the propagation towards ±z, have been included.
The indices + and − indicate whether a field component propagates towards
positive- or negative z.
The optical field must be continuous across the interface, as stated in Equation (5.59). Placing the interface conveniently at z = 0,
N
X

(Cm,k+ + Cm,k− ) |Eem,k >=

N
X

(Cn,l+ + Cn,l− ) |Een,l > .

(6.35)

(Cn,l+ + Cn,l− ) < Eem,q |Een,l >,

(6.36)

k=1

l=1

“Multiplying” both sides by < Eem,q |,
(Cm,q+ + Cm,q− ) =

N
X
l=1

where the orthonormality of the layer eigenmodes has been used. The derivative
of the optical field with respect to z must also be continuous, as stated in
Equation (5.60). Then,
N
X

βzm,k (Cm,k+ − Cm,k− ) |Eem,k >=

N
X

k=1

βzn,l (Cn,l+ − Cn,l− ) |Een,l > (6.37)

l=1

and
βzm,k (Cm,q+ − Cm,q− ) =

N
X

βzn,l (Cn,l+ − Cn,l− ) < Eem,q |Een,l >,

(6.38)

l=1

where again < Eem,q | has been “multiplied” through on both sides. Multiplying
Equation (6.36) by βzm,k and adding Equation (6.38) gives
Cm,q+ =

N 
X
βzm,q + βzn,l
l=1

2 βzm,q

Cn,l+ +

βzm,q − βzn,l
Cn,l−
2 βzm,q


< Eem,q |Een,l >
(6.39)
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while multiplying by βzm,k and subtracting Equation (6.38) gives
Cm,q− =

N 
X
βzm,q − βzn,l
l=1

2 βzm,q

βzm,q + βzn,l
Cn,l−
2 βzm,q

Cn,l+ +


< Eem,q |Een,l > .

(6.40)
Equations (6.39) and (6.40) represent the coupling between the forward- and
backward moving components of the optical fields on the two sides of the
interface. It is apparent that forward-to-forward and backward-to-backward
β
+βzn,l
while forward-to-backward and backward-tocoupling occurs with zm,q
2 βzm,q
β

−β

zn,l
forward coupling occurs with zm,q
2 βzm,q
In matrix notation Equations (6.39) and (6.40) are equivalent to


 

Cn,1+
T1,1 · · · T1,N T1,N +1 · · · T1,2N
Cm,1+


 

..
..
..
..


 

.
.
.
.


 




 Cm,N +   TN,1
TN,N
  Cm,N +  ,
=




 Cm,1−   TN +1,1
TN +1,N +1
  Cm,1− 
 




 

.
..
..
..
..


 

.
.
.

Cm,N −

T2N,1

T2N,2N

Cn,N −

(6.41)
where the 2N coefficients account for both forward- and backward moving components of the layer eigenmodes. The matrix elements are defined
Tq,l ≡

βzm,q + βzn,l
< Eem,q |Een,l >
2 βzm,q

(6.42)

for forward-to-forward and backward-to-backward coupling, i.e. in the second
and fourth quadrant of the matrix, and
Tq,l ≡

βzm,q − βzn,l
< Eem,q |Een,l >
2 βzm,q

(6.43)

for forward-to-backward and backward-to-forward coupling, i.e. in the first and
third quadrant of the matrix. The first and third quadrants are identical, as is
the second and fourth quadrants, and only N 2 /2 matrix elements must therefore
be calculated.
Expanding the layer eigenmodes into basic eigenmodes,
|Eem,k > =

N
X

Cmk,i |Ee0i >

(6.44)

Cnl,j |Ee0j >,

(6.45)

i=1

|Een,l > =

N
X
j=1

the transverse overlap integrals, i.e. the brackets in the matrix elements, become
< Eem,q |Een,l >=

N
X

Cmq,i Cnl,j < Ee0i |Ee0j >,

(6.46)

i,j=1

or
< Eem,q |Een,l >=

N
X
i=1

Cmq,i Cnl,i ,

(6.47)
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where the orthonormality of the basic eigenmodes has been used. The matrix
elements are found by simple addition and multiplication, and once the matrix
elements are known the complete reflection- and transmission properties of an
interface are known. This simplistic form of the matrix elements is a consequence
of the expansion of the layer eigenmodes into the common basis set, the basic
eigenmodes. The importance of this statement cannot be emphasized enough:
By expanding the optical field in each epitaxial layer into layer eigenmodes, and
expanding the layer eigenmodes into a common basis set of basic eigenmodes,
all overlap integrals in the matrix elements become simple summations and
multiplications!!! This is the basic idea behind eigenmode expansion models:
Once the basic eigenmodes are known all calculations can be performed very
efficiently.

6.4.2

Transmission Matrices for Transmission Lines

The layer eigenmode l in layer m at point z1 relative to the point z0 , both of
which are shown in Figure A.3b, is
|Eem,l >z1 = |Eem,l >z0 eiβzml L ,

(6.48)

where L = z1 − z0 is the distance between the points z1 and z0 . This follows
directly from the exponential form of the z-dependence of the layer eigenmodes.
The matrix equation relating the optical field on the two sides of the transmission line is identical to the one for the interface, i.e. Equation (6.41), and the
matrix elements are given by
Tq,l ≡ e±iβzml L δq,l ,

(6.49)

where the negative exponentials are used in the diagonal of the second quadrant
and the positive exponentials are used in the diagonal of the fourth quadrant.
The transmission matrix is diagonal, and the form of the matrix elements is
simply a manifestation of the fact that the eigenmodes propagate with e±iβz z .

6.5

The Eigenvalue Problem

The reflection properties of the epitaxial layers on either side of the active
cavity are found by multiplying transmission matrices for all interfaces and
transmission lines, in the order in which they appear, as viewed from the active
cavity. From the total transmission matrix, which has dimensions 2N × 2N , a
reflection matrix with dimensions N × N is found from
R̄ = T̄3 T̄2−1 ,

(6.50)

where T̄2 and T̄3 are the second and third quadrants of the total transmission
matrix, respectively. This expression for the reflection matrix is the multi-mode
equivalent of Equation (A.6).
An eigenvalue problem, representing the laser oscillation condition, and
equivalent to Equation (2.13), is set up,


R̄b C̄ R̄t C̄ EeL = EeL ,

(6.51)
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where R̄t and R̄b represent the reflection matrices for the top- and bottom epitaxial layer stacks, respectively and C̄ is a matrix, which describes the propagation of the optical field through the active cavity. Note that R̄b and R̄t depend
only on wavelength, while C̄ depends on both wavelength and gain, since the
active cavity has non-zero gain.
For a given wavelength and gain Equation (6.51) is satisfied if an eigenfunction of the matrix R̄b C̄ R̄t C̄ with eigenvalue 1 exists. In other words, the laser
eigenmodes are found for the values of wavelength and gain, where the matrix
has an eigenvalue of unity.

6.6

Model User Interface

The user interface for the 3-dimensional optical field model consists of a number
of programs, which are executed from the MATLAB command window. Several
small programs provide the required data for one large program, which does
all the time-consuming calculations. A typical command session is described
presently, without going into details.
Describing the VCSEL structure
First, the VCSEL structure to be analyzed is described in a simple data structure
containing information about layer position, layer material and layer thickness
for each epitaxial layer in the structure.
Finding the Bessel Roots
The roots of the Bessel functions of the first kind are found. These can be the
lowest roots of all orders of Bessel functions or the lowest roots of e.g. the Bessel
functions of order m = 0 or m = 1, if only the properties of the fundamentalor first order mode, respectively, are to be analyzed.
Finding the Basic Eigenmodes
The basic eigenmodes are found, for the desired reference cylinder, from the
roots of the Bessel functions. The norm, βr and m of each basic eigenmode are
saved.
Defining the Layer Types
The layer types are defined. A layer type is a description of the radii at which
refractive index changes occur for one or more of the layers in the structure.
The program uses these radii to calculate overlap integrals between all modes
within the transverse plane of the different radii regions. These overlap integral
calculations are very time-consuming, and it is crucial for the overall model
performance that they be calculated as few times as possible. By defining these
layer types it is possible to avoid repeating such calculations by simply calculating overlap integrals for each layer type, multiplying these with the refractive
index changes for each layer of this type, and thereby creating the overlap integral matrices for each layer. This is the basic idea behind Equation (6.32): The
overlap integral is calculated only for each layer type, and a simple constant is
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multiplied onto the resulting matrix to find the required matrix for a specific
layer.
For example, in the benchmark VCSEL structure, to be analyzed in the
next chapter, both the aperture layer and the quantum well layer have two
different optical regions separated at r = d/2. Instead of calculating two overlap
integral matrices, which include information about the refractive index changes
of the two layers, a single overlap integral matrix is calculated, and the different
refractive index changes for the two layers is multiplied onto this single matrix,
which is common for the two layers. Both ways of doing this result in the same
two matrices, but the difference in time-consumption is almost a factor of 2,
since the calculation of overlap integrals is much, much more time-consuming
than the multiplication by a simple constant. Since many layers in a VCSEL
structure are of the same “layer type”, e.g. all the layers in the DBRs, the
reduction in total calculation time is enormous.
Defining the Layers
When the layer types have been defined the actual changes in refractive index
for each layer must be input to allow for the multiplication by the appropriate
constants described above.
Finding the Resonance Wavelengths and Threshold Gains
When all the necessary data has been input/calculated, which typically takes
about 5 minutes, the main program is executed. This program uses the data
to set up transmission matrices for all interfaces and transmission lines in the
structure for a given wavelength and gain, multiply these together and set up
the eigenvalue problem. This is solved, and the real- and imaginary parts of the
eigenvalues are plotted in a complex coordinate system, shown in Figure 6.5.
The user can search for laser eigenmodes, which have eigenvalues of unity, by
varying the wavelength and gain, or can let the program perform a search within
a specified wavelength- and gain range. When a laser eigenmode is found the
resonance wavelength and threshold gain are displayed and the transverse mode
profile of the mode is plotted along with its radial intensity distribution.
Figure 6.5a shows the complex coordinate system, in which the eigenvalues
are plotted, and Figure 6.5b shows a zoom-in of the area near unity, where
eigenvalues of laser eigenmodes are located. Both of these figures are plotted
during the analysis, and the user can therefore follow the movement of the
eigenvalues around the complex plane, when the wavelength is varied by the
program. Figure 6.5b shows the discovery of the laser eigenmode. As the
wavelength is varied the eigenvalues move down, and at the fourth wavelength
value there is phase resonance, i.e. the eigenvalue is close to being real. When
this occurs the wavelength is kept constant and the gain is varied until threshold,
i.e. until the real part of the eigenvalue reaches unity. This process appears
as a line in the center of the plot, but actually consists of a number of discrete
points, namely the eigenvalues as the gain is increased towards threshold. The
red frame defines the region in which phase resonance is assumed, i.e. in which
the gain is varied.
The wavelength is first varied, until phase resonance occurs, and then the
gain is varied, until amplitude resonance occurs. This is practical, since the

6.6 Model User Interface
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(a)

(b)
Figure 6.5: The eigenvalues, plotted in a complex coordinate system, found in the
search for laser eigenmodes. Figure (a) shows the entire complex realm and Figure
(b) shows a zoom-in of the area near unity where the laser eigenmode is located.
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layer eigenmodes of the many layers outside the active cavity are independent
of the gain in the active cavity. These layer eigenmodes are recalculated for
each wavelength, but are not recalculated during the varying of the gain.
When a laser eigenmode is found three plots are generated. Figures 6.6a,
6.6b and 6.6c show the resonance wavelength and threshold gain, the mode
profile and the radial optical field intensity distribution of the laser eigenmode,
respectively. Especially the two latter plots are highly useful, since it would be
impossible to know which laser eigenmode had been found, were it not for these
plots.

6.7

Chapter Summary

A 3-dimensional optical field model, capable of describing the optical field in
CCBE-VCSELs, has been developed. The model is an eigenmode expansion
model, in which the optical field in each epitaxial layer of the CCBE-VCSEL
structure is expanded in terms of layer eigenmodes, which are expanded in
terms of a common basis set of basic eigenmodes. Using transmission matrices
the reflection- and transmission properties of the epitaxial layers above and
below the active cavity are calculated, and an eigenvalue problem is set up.
The eigenvectors of this eigenvalue problem, which have eigenvalues of unity,
describe laser eigenmodes.

6.7 Chapter Summary
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(a)

(b)

(c)
Figure 6.6: Output figures from analysis showing (a) the resonance wavelength
and threshold gain, (b) the mode profile and (c) the radial optical field intensity
distribution of the laser eigenmode.

Chapter 7

Test of 3-Dimensional
Optical Field Model
In order to validate the results of the developed 3-dimensional optical field
model, MoS3D, it must be tested somehow. Data from the literature provides
an excellent means of testing the model, since a good article by Bienstman et
al. is available.
In this chapter a benchmark VCSEL structure from the article is described,
and a convergence analysis is performed in order to find out how many basic
eigenmodes are required to accurately determine the resonance wavelengths and
threshold gains of the lasing eigenmodes of the structure. The structure is
analyzed with different aperture positions and -diameters, and the results are
compared to those of the article. Finally, a short summary of the chapter is
provided.

7.1

The Benchmark VCSEL Structure

The structure used for the testing of the optical field model is shown in Figure 7.1 and described in Tables 7.1 and 7.2. It is a benchmark VCSEL structure
from the article Comparison of Optical VCSEL Models on the Simulation of
Oxide-Confined Devices by Peter Bienstman et al. [40], in which results of
simulations made with 11 different optical field models are compared. Both
vectorial-, scalar- and hybrid models are used, and two of the models have both
vectorial and a scalar implementations. The article therefore provides an excellent reference for the comparison of the results of the 3-dimensional optical field
model developed in this project with those of other models.
The benchmark VCSEL structure is a top-emitting oxide-confined VCSEL. A
24.5-period DBR, with alternating layers of GaAs and AlGaAs, constitutes the
top mirror. Below the top mirror an AlAs/AlOx oxide layer is placed between
two buffer layers of AlGaAs. Below the bottom buffer layer a quantum well
(QW) is placed in the center of a λ-cavity, i.e. a laser cavity of thickness equal
to one wavelength. Below the laser cavity the bottom DBR consists of 29.5
layers of alternating AlGaAs and GaAs. The structure is placed on a GaAs
substrate and emits into air through the top mirror.

7.1 The Benchmark VCSEL Structure

69

Figure 7.1: The benchmark VCSEL structure with its oxide aperture placed in
five possible positions, ranging from the node position (position 1) to the antinode
position (position 5). The diameter of the aperture is d = 1 µm, 2 µm, 4 µm, 6 µm
or 8 µm.

Layer(s)
Ambience
Top DBR
(24.5 periods)
Buffer
Aperture

Thickness
69.49 nm
79.63 nm
63.71 nm − x
15.93 nm

Buffer
Cavity

x
136.49 nm
5.00 nm
136.49 nm
79.63 nm
69.49 nm
-

Bottom DBR
(29.5 periods)
Substrate

Material
Air
GaAs
AlGaAs
AlGaAs
AlAs
AlOx
AlGaAs
GaAs
QW
GaAs
AlGaAs
GaAs
GaAs

Refractive Index
1
3.53
3.08
3.08
2.95 for r < d/2
1.60 for r > d/2
3.08
3.53
3.53
3.53
3.08
3.53
3.53

Table 7.1: Layer-by-layer description of the benchmark VCSEL structure. The
oxide layer consists of Aluminum-Arsenide (AlAs) within the aperture radius (r <
d/2) and of Aluminum-Oxide (AlOx) outside the aperture radius (r > d/2). The
quantum well (QW) provides gain, g, within the aperture radius and loss, α =
0.126
, outside the aperture radius. The loss corresponds to an imaginary refractive
λ
index of 0.01, which is used in the article from which the benchmark structure
stems [40].

70

Test of 3-Dimensional Optical Field Model

Position
1
2
3
4
5

Value of x
63.71 nm (node position)
47.78 nm
31.85 nm
15.93 nm
0 nm (antinode position)

Table 7.2: Aperture positions and corresponding values of x [40].

The exact material compositions of the layers are unimportant. What matters is the refractive index and gain/loss of the materials, and the designations
GaAs, AlGaAs, AlAs and AlOx may be considered nothing more than names,
for which such physical parameters are defined.
The thicknesses of the buffer layers are varied to arrange the aperture layer in
an optical field minimum (node position), a field maximum (antinode position)
or three positions within these extremes. The positions are numbered from 1
to 5 and the corresponding thicknesses of the buffer layers are given by the
variable x, the values of which are listed in Table 7.2. The quantum well is
placed in an optical field maximum in the center of the active cavity, as shown
in Figure 7.2, and the gain enhancement factor is therefore Γ = 2. This is,
however, not something the user must concern himself with. The optical field
model includes such effects in its formalism. The quantum well provides gain
within the diameter of the aperture, and loss outside this diameter.
The diameter of the aperture, d, is varied from 1 µm to 8 µm and the
diameter of the reference cylinder, d0 , is chosen to be five times that of the
aperture. For d = 1 µm, however, d0 = 10 µm is chosen. This is due to the fact
that only 30 basic eigenmodes exist in a 5 µm reference cylinder with n0 = 1
at λ = 980 nm, and the required basis set of 120 basic eigenmodes therefore is
unobtainable.
This structure should not be mistaken for a physically realizable VCSEL,
which can be implemented in a laboratory. The electrical- and thermal properties have not been considered in the design, and the structure would therefore
have extremely poor characteristics. Also, no loss in the DBRs is included in
the description, making predictions of threshold gain unrealistically small. Most
importantly, its quantum well structure is not realistic, since a bandgab step
is required in order to create a quantum well. Such a bandgab step cannot
be made without also introducing a refractive index step at the QW/buffer
interface. The benchmark structure does not include such a refractive index
discontinuity. It is a simple test structure, upon which optical simulations can
be performed, for the purpose of investigating general device trends and comparing results. If the benchmark VCSEL structure were to be implemented many
practical aspects of VCSEL design would have to be considered. Experimental
results would, however, not be very useful, since a fabricated VCSEL would
never have the exact same dimensions and specifications as a theoretical test
structure, thereby making comparison of quantitative results awkward. Again,
it should be emphasized that the objective of this project, as well as that of
the article, is not to predict the exact properties of practical VCSEL structures,
but rather to examine device trends of simplistic theoretical structures, with

7.1 The Benchmark VCSEL Structure

(a)

(b)
Figure 7.2: Longitudinal optical field intensity distribution and refractive index
profile of the benchmark VCSEL structure with an antinode aperture. The VCSEL
emits towards the right. Figure (a) shows the entire structure depth and Figure
(b) shows the details of the optical cavity (with its quantum well) and the antinode
aperture. Both the quantum well and the aperture are located near optical field
maxima (antinodes). The quantum well, which has the same refractive index as
the surrounding optical cavity, is shown in red; its width is not to scale. (Created
using MoS1D).
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the aim of understanding the basic optical properties.
Since the quantum well has the same refractive index as the surrounding
optical cavity it is very important that the gain is included in the calculation of
the reflectivity of the QW-cavity interface, i.e.
r=

βz1 − βz2
.
βz1 + βz2

(7.1)

If it were not, the gain enhancement factor discussed above would not be automatically included in calculations, and the predictions for the threshold gain
would be a factor of 2 too high. Many models do not include the gain in calculations of reflection coefficients, since the gain term in the propagation constant
is much smaller than the refractive index term (≈ 1 : 106 ). In situations where
the refractive index step is small and the gain step is large, such as in the case of
the benchmark VCSEL structure, the gain term becomes important and must
be included. The term is included in the MoS3D model without difficulties,
since the formalism behind the model is indifferent to the inclusion.

7.2

Convergence Analysis

In order to check how many basic eigenmodes are required to achieve convergence of simulation results the benchmark structure is analyzed with an 8 µm
and a 1 µm antinode aperture, using between 10 and 120 basic eigenmodes.
The resonance wavelength and threshold gain of the fundamental mode of
the benchmark VCSEL, found using between 10 and 120 basic eigenmodes, are
shown in Figures 7.3a and 7.3b, respectively. The results are normalized by
the values found using 120 basic eigenmodes. The results for the resonance
wavelength are seen to vary very little, while the results for the threshold gain
converge at around 60 basic eigenmodes. For 60 basic eigenmodes and more the
results for the resonance wavelength all come within ±0.01% of the value at 120
basic eigenmodes; for the threshold gain the results come within ±3%.
A similar analysis is performed using between 1 and 10 basic eigenmodes
with m = 0. The results provide very similar results, and an investigation shows
that the first 120 basic eigenmodes include exactly the first 10 basic eigenmodes
with m = 0. The results for these two analyses therefore must be identical.
This emphasizes the merits of using the reduced basis set: The same results are
achieved using much less computational time.
In this chapter a basis set consisting of the first 120 basic eigenmodes is
used, since the analyses of this chapter were all made before the realization
of the effectiveness of the reduced basis set. Throughout the remainder of this
thesis, however, all data is calculated using the 10 basic eigenmodes with m = 0,
when analyzing for the properties of the fundamental mode, while a basis set
consisting of the first 10 basic eigenmodes with m = 1 are used, when analyzing
for the properties of the first order mode.
Based on the above mentioned results it is estimated that the model predicts
the value of the threshold gain within ±3%, while the predictions for the resonance wavelength are much more accurate, when using a basis set consisting of
120 basic eigenmodes or 10 basic eigenmodes with m = 0. The use of the word
“accurate” here should not be interpreted as the statement that the results are
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(a)

(b)
Figure 7.3: Normalized (a) resonance wavelength and (b) threshold gain vs. number
of basic eigenmodes for the fundamental mode of the benchmark VCSEL structure,
found using between 10 and 120 basic eigenmodes. The data sets are normalized
by the values found using 120 basic eigenmodes.
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correct within ±3%, but merely identifies the intrinsic inaccuracy of the model,
existing due to the use of an incomplete basis set.

7.3

Analysis of the Benchmark VCSEL Structure

The benchmark VCSEL structure is analyzed for the resonance wavelengths
and threshold gains of the fundamental mode (LP0,1 ) and the first order mode
(LP1,1 ). This is done for an 8 µm aperture structure with five different aperture
positions and for an antinode aperture structure with five different aperture
diameters, providing a total of eight data sets for comparison.
The results found using the 11 models from the article are plotted in Figures 7.4 to 7.11, along with those obtained using the MoS3D model. The results
of the scalar models of the article are plotted in green, those for models with
both scalar and vectorial implementations are plotted in red, those for the hybrid model are plotted in yellow and those for the vectorial models are plotted
in blue. The results of the MoS3D model are plotted in black.
Figures 7.4 and 7.6 show the resonance wavelengths of the fundamental- and
first order modes of the benchmark VCSEL for different aperture positions, and
Figures 7.5 and 7.7 show the corresponding threshold gains. Figures 7.8 and
7.10 show the resonance wavelengths of the fundamental- and first order modes
of the benchmark VCSEL for different aperture diameters, and Figures 7.9 and
7.11 show the corresponding threshold gains.
The results of the MoS3D model are seen to fit well with the results of the
article. Generally, its predictions for the resonance wavelength lie around the
average of the results from the article, which have very little spread. In fact, with
the exception of the PREVEU model, the results of the article are almost all
within ±0.03% of those obtained using MoS3D. The spread of the predictions
of the threshold gain is much larger. Generally, MoS3D predicts a smaller
threshold gain than most of the models from the article, whose predictions lie
within ≈ +10% of those obtained using MoS3D. This may be due to the lack
of transverse radiation losses in the model, and the use of advanced boundary
conditions, like the perfectly matched layers discussed briefly in Section 6.2.1,
may remove this error. These number, ±0.03% and ≈ +10%, are found by
normalization of the results from the article with the results found using MoS3D,
as in the example in Figure 7.12, where the normalized threshold gain of the
first order mode of the benchmark VCSEL with an 8 µm aperture is shown for
different aperture positions.
The MoS3D model also predicts the same device trends as the majority of
the models from the article. Again, the PREVEU model stands out from the
other models, but apart from this all models, including MoS3D, predict the same
device trends, i.e. the lines in Figures 7.4 to 7.11 follow identical patterns.
The MoS3D model may be expected to follow the patterns of the CAMFR
model and the two Torino models particularly well, since these models are also
based on eigenmode expansion procedures. The results of the four models are
very similar, but no clear correspondence between these particular four models
can be concluded. Suffice it here to state that the MoS3D optical field model
provides results, which are in accordance with those found using other models.

7.3 Analysis of the Benchmark VCSEL Structure

Figure 7.4: Resonance wavelength vs. aperture position for the fundamental mode
(LP0,1 ) of the benchmark VCSEL structure with an 8 µm aperture. Note the small
range of the ordinate axis, indicating a small spread in the results for the resonance
wavelength.

Figure 7.5: Threshold gain vs. aperture position for the fundamental mode (LP0,1 )
of the benchmark VCSEL structure with an 8 µm aperture.
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Figure 7.6: Resonance wavelength vs. aperture position for the first order mode
(LP1,1 ) of the benchmark VCSEL structure with an 8 µm aperture. Note the small
range of the ordinate axis, indicating a small spread in the results for the resonance
wavelength

Figure 7.7: Threshold gain vs. aperture position for the first order mode (LP1,1 )
of the benchmark VCSEL structure with an 8 µm aperture.

7.3 Analysis of the Benchmark VCSEL Structure

Figure 7.8: Resonance wavelength vs. aperture diameter for the fundamental mode
(LP0,1 ) of the benchmark VCSEL structure with an antinode aperture. Note the
small range of the ordinate axis, indicating a small spread in the results for the
resonance wavelength

Figure 7.9: Threshold gain vs. aperture diameter for the fundamental mode (LP0,1 )
of the benchmark VCSEL structure with an antinode aperture.
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Figure 7.10: Resonance wavelength vs. aperture diameter for the first order mode
(LP1,1 ) of the benchmark VCSEL structure with an antinode aperture. Note the
small range of the ordinate axis, indicating a small spread in the results for the
resonance wavelength

Figure 7.11: Threshold gain vs. aperture diameter for the first order mode (LP1,1 )
of the benchmark VCSEL structure with an antinode aperture.

7.4 Chapter Conclusions
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Figure 7.12: Threshold gain vs. aperture position for the fundamental mode
(LP0,1 ) of the benchmark VCSEL structure with an 8 µm aperture. The results
are normalized by the results from using the MoS3D model.

The accuracy of the MoS3D optical field model is estimated to be around
±0.03% for the resonance wavelength and ±10% for the threshold gain. Also,
the predictions for the threshold gain must be assumed to be lower than those
found using other models. Again, the use of the word “accuracy” here should not
be interpreted as the statement that the results found using MoS3D are correct
within the specified range. The benchmark structure has not been implemented,
it never will be and there is no experimental data to which a comparison can be
made. The statement above only determines the estimated accuracy with respect
to results found using other optical models like the ones with which comparison
has been made in the above.
The nature of the optical field model, combined with the verification of its
results on oxide-confined VCSELs discussed above, implies that the model is
capable of accurately describing the optical properties of CCBE-VCSELs as
long as the paraxial approximation, i.e. βr << βz , is valid, which is the case
for large apertures.

7.4

Chapter Conclusions

A convergence analysis has been performed, and it is concluded that a basis set
consisting of 120 basic eigenmodes, or of 10 basic eigenmodes with m = 0 or
m = 1, must be used in order to have convergence of results.
The benchmark VCSEL structure, from the article by Bienstman et al. [40],
has been analyzed for the resonance wavelengths and threshold gains of the
fundamental- and first order modes, with different structure parameters, using
MoS3D. The results have been compared to the results of the article, and it
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is concluded that MoS3D provides reasonable results for such oxide-confined
VCSEL structures. The nature of the model indicates that it will also provide
reasonable results for the resonance wavelengths and threshold gains of oxideconfined CCBE-VCSELs.

Chapter 8

Investigation of the Optical
Properties of
CCBE-VCSELs
In order to understand the basic optical properties of CCBE-VCSELs a benchmark CCBE-VCSEL structure is created, based on the benchmark VCSEL
structure discussed in the previous chapter.
In this chapter the benchmark CCBE-VCSEL structure is analyzed using
the 1- and 3-dimensional optical field models developed in this project, MoS1D
and MoS3D. The device trends of such a structure are discussed during the
analyses and the conclusions of the chapter are drawn.

8.1

The Benchmark CCBE-VCSEL Structure

In the previous chapter the 3-dimensional optical field model, MoS3D, was tested
by analyzing the benchmark VCSEL structure from the article by Bienstman et
al. [40] and comparing with the results of the article. Although the structure
cannot be implemented in practise is was very useful for the test, and it therefore
seems logical to base a CCBE-VCSEL structure on this structure, i.e. create a
benchmark CCBE-VCSEL structure by making the appropriate extensions to
the benchmark VCSEL structure.
Such extensions include the increase of periods in the top DBR, to make the
structure bottom-emitting, and the splitting of the bottom DBR into a middle
DBR and a bottom DBR separated by a long substrate cavity.
The benchmark CCBE-VCSEL structure, which will be analyzed in this
chapter, has been chosen to have the following design characteristics:
• The top DBR contains 33.5 periods.
• The oxide-aperture is placed in the antinode position (position 5) and has
diameter 6 µm < d < 14 µm.
• The optical cavity remains unchanged, i.e. it is one wavelength thick and
has a 5 nm quantum well placed in the optical field maximum in the center.
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The quantum well provides gain g within the diameter of the aperture and
outside this diameter.
loss α = 0.126
λ
• The total number of periods in the middle- and bottom DBRs is 24.5, and
the half period is placed in the middle DBR. The number of periods in the
bottom DBR is then N2 = 24.5 − N1 , where N1 is the number of periods
in the middle DBR (a half-integer number).
• The thickness of the substrate cavity is 0 µm < L < 500 µm.
Furthermore, all the layers in the structure have the same outer radius, i.e. no
mesa shape is present in the structure.
The benchmark CCBE-VCSEL structure is shown in Figure 8.1 and described in Table 8.1.
Layer(s)
Ambience
Top DBR
(33.5 periods)
Buffer
Aperture

Thickness
69.49 nm
79.63 nm
63.71 nm
15.93 nm

Active Cavity

136.49 nm
5.00 nm
136.49 nm
79.63 nm
69.49 nm
L
79.63 nm
69.49 nm
-

Center DBR
(N1 periods)
Passive Cavity
Bottom DBR
(N2 periods)
Ambience

Material
Air
GaAs
AlGaAs
AlGaAs
AlAs
AlOx
GaAs
QW
GaAs
AlGaAs
GaAs
GaAs
AlGaAs
GaAs
Air

Refractive Index
1
3.53
3.08
3.08
2.95 for r < d/2
1.60 for r > d/2
3.53
3.53
3.53
3.08
3.53
3.53
3.08
3.53
1

Table 8.1: Layer-by-layer description of the benchmark CCBE-VCSEL structure
of which the optical properties are examined. The structure is an extension of
the antinode aperture benchmark VCSEL structure, which was analyzed in the
previous chapter.

8.2

Longitudinal Analyses

The benchmark CCBE-VCSEL structure is analyzed using the 1-dimensional
optical field model, MoS1D, in order to investigate the longitudinal optical properties alone.
Figure 8.2 shows the longitudinal resonance wavelengths of the benchmark
CCBE-VCSEL, near λ = 980 nm, at different substrate cavity thicknesses, ranging from L ≈ 28 nm to L ≈ 250 µm. The lines in the figure do not represent
the resonance wavelength development of five distinct laser eigenmodes, since
the resonance wavelength data points on e.g. the blue line do not belong to
the same laser eigenmode. The figure shows the development of the resonance
wavelengths near λ = 980 nm, and illustrates the wavelength-spreading of these

8.2 Longitudinal Analyses

Figure 8.1: Schematic of the benchmark CCBE-VCSEL structure with the top
DBR, the antinode aperture, the optical cavity with its quantum well placed in a
field maximum, the middle DBR, the long substrate cavity and the bottom DBR.
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when the substrate cavity thickness decreases. The spread in resonance wavelength is seen to be larger than 1.2 nm for substrate cavity thicknesses below
L ≈ 70 µm,
∆λ0 > 1.2 nm for L < 70 µm,
(8.1)
and it may therefore be possible to achieve single-longitudinal-mode operation
in devices of such proportions if the spread in threshold gain is significant.

Figure 8.2: The five resonance wavelengths of the benchmark CCBE-VCSEL structure near λ = 980 nm at different substrate cavity lengths and with N1 = 14.5 and
N2 = 10.0. The resonance wavelengths spread out when the substrate cavity thickness decreases. (Created using MoS1D).

Figure 8.3 shows the threshold gain of the five modes with resonance wavelength near λ = 980 nm at different values of N1 and N2 . The figure shows that
there can be a large spread in threshold gains between the five modes, if the
ratio between N1 and N2 is selected properly, and that longitudinal-single-mode
operation therefore is possible.
The reason for this longitudinal mode-discrimination is that the longitudinal
modes, which have resonance wavelengths away from the Bragg wavelength,
are not located at wavelengths with maximum reflectivity from the “bottom
mirror”, i.e. the effective reflection caused by the combination of the middle
DBR, the substrate cavity and the bottom DBR. This phenomenon is illustrated
presently.
Figure 8.4a shows the reflectivity spectrum of the “bottom mirror” when
the length of the substrate cavity is L = 69.49 nm, i.e. the spectrum of a
25-period DBR. The spectrum is seen to be wide and flat due to the many
periods in the DBR. When the single DBR is separated into two, as is shown in
Figure 8.4b, where the substrate cavity thickness is increased to L = 41.728 µm
and N1 = 14.5 and N2 = 10.0, a fine-structure occurs in the spectrum, due to the
many resonances of the long substrate cavity. Figure 8.5a shows the region near
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Figure 8.3: Threshold gain of the five laser eigenmodes with resonances near
λ = 980 nm for different numbers of periods for the middle DBR. (Created using MoS1D).

λ = 980 nm of the same spectrum, and the positions of the resonances are shown
in red. It is apparent that the resonance near λ = 980 nm experiences maximum
reflectivity, while the other four resonances are situated “down the slopes” of
the reflectivity spectrum, and therefore experience smaller reflectivities, which
in turn results in larger threshold gains for these longitudinal modes. As is
seen in Figure 8.5b this longitudinal mode-discrimination is even stronger when
N1 = 18.5 and N2 = 6.0 since the longitudinal modes away from the Bragg
wavelength are even further “down the slopes”.
To summarize, longitudinal-single-mode operation is possible in CCBEVCSELs, due to longitudinal mode-discrimination caused by the complex reflectivity spectrum of the “bottom mirror”, which has many maxima and minima
close to the Bragg wavelength. For a more detailed description of the longitudinal mode-discrimination further studies into the complex reflectivity spectrum
must be performed.

8.3

3-Dimensional Analyses

Having analyzed the benchmark CCBE-VCSEL structure with MoS1D, and determined that a single longitudinal mode exists for substrate cavity thicknesses
below L ≈ 70 µm, combined with an appropriate number of periods in the middle DBR, the transverse optical properties of the structure is analyzed using
MoS3D. The parameters of the analyses are the same as those for the longitudinal analyses, namely the substrate cavity thickness and the number of periods
in the middle DBR, but also the aperture diameter, d, is varied.
Figure 8.6 shows the threshold gain of the LP0,1 - and LP1,1 modes of the
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(a)

(b)
Figure 8.4: Reflectivity spectrum of the “bottom mirror” in the benchmark CCBEVCSEL with N1 = 14.5 for (a) L = 69.49 nm and (b) L = 41.728 µm. The
many resonances of the substrate cavity are apparent in figure (b). (Created using
MoS1D).
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(a)

(b)
Figure 8.5: Plots of the reflectivity spectrum of the “bottom mirror” of the benchmark CCBE-VCSEL with L = 41.728 µm and (a) N1 = 14.5 and (b) N1 = 18.5.
The resonances, the positions of which are shown as red lines, are not placed at the
maxima of the reflectivity spectra, except for that near λ = 980 nm, and the resulting longitudinal mode-discrimination is seen to be largest for N1 = 18.5. (Created
using MoS1D).
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benchmark CCBE-VCSEL structure for different substrate cavity thicknesses,
L. At small thicknesses the first order mode actually has smaller threshold gain

Figure 8.6: Threshold gain of the LP0,1 - and LP1,1 modes of the benchmark CCBEVCSEL for different substrate cavity thicknesses. The threshold gain of the LP1,1
mode increases much more than that of the LP0,1 mode for increasing L.

than the fundamental mode, which indicates that the former “fits” the active
cavity better than the latter. As the substrate cavity thickness is increased the
threshold gain of both the fundamental and the first order mode increase. The
threshold gain of the first order mode increases more than that of the fundamental mode, and at L ≈ 24 µm the two curves cross each other and the threshold
gain of the first order mode becomes increasingly larger than that of the fundamental mode, thus providing a means of transverse mode-discrimination. This
is due to the diffraction of the optical modes at the aperture, and the diffraction
losses encountered upon each cavity round-trip through the substrate cavity.
Figure 8.7 shows the threshold gain of the LP0,1 - and LP1,1 modes of the
benchmark CCBE-VCSEL structure for different numbers of periods in the middle DBR, N1 — it is the transverse equivalent of the longitudinal plot in Figure 8.3. The figure shows that at large N1 the threshold gain of the two modes
is approximately the same, and that it increases for a decreasing number of
periods. The threshold gain of the first order mode increases more than that of
the fundamental mode which, again, provides a means of mode-discrimination.
This is due to the larger influence of the substrate cavity for smaller N1 , i.e.
when a larger fraction of the optical field is confined in the substrate cavity.
Figure 8.8 shows the threshold gain of the fundamental- and first order
modes for different aperture diameters, d. The figure shows that the difference
in threshold gain between the two modes increases for decreasing aperture size.
As the aperture becomes smaller the diffraction grows, and the substrate cavity
losses increase. The diffraction of the first order mode grows more than that of

8.3 3-Dimensional Analyses

Figure 8.7: Threshold gain of the LP0,1 - and LP1,1 modes of the benchmark CCBEVCSEL for different numbers of periods in the middle DBR. The threshold gain of
the LP1,1 mode increases much more than that of the LP0,1 mode for decreasing
values of N1 .

Figure 8.8: Threshold gain of the LP0,1 - and LP1,1 modes of the benchmark CCBEVCSEL for different aperture diameters. The threshold gain of the LP1,1 mode
increases much more than that of the LP0,1 mode for decreasing d.
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the fundamental mode, and the mode-discrimination is increased.
The aperture diameter appears to be an important parameter, due to this
effect, but is really not. The purpose of the CCBE-VCSEL is to provide high
optical output power, which is only possible for large apertures. The aperture diameter must therefore be as large as possible, while maintaining singletransverse-mode operation. The aperture diameter is therefore a secondary parameter, which has important consequences for device performance but cannot
be varied at will. It should be noted that electrical effects, such as transverse
inhomogeneous carrier density in the active region, are introduced for large
apertures. Such effects must be considered, when dealing with large aperture
devices.
The longitudinal- and transverse mode-discriminations require the exact opposite parameter settings. A long substrate cavity provides good transverse
mode-discrimination, while the longitudinal mode-discrimination is poor. A
large number of periods in the middle DBR provides good longitudinal modediscrimination, while the transverse mode-discrimination is poor. A compromise
between the two must therefore be made.

8.4

Analysis of Substrate Cavity Length FineStructure

Figure 8.9a shows the fine structure of the data in Figure 8.6 near L ≈ 0.070 µm,
i.e. the threshold gain of the fundamental- and first order modes of the benchmark CCBE-VCSEL structure for small variations in substrate cavity thickness,
L. The fine structure has a periodic nature with minima separated by a thickness equal to half the wavelength of the resonance, ∆L ≈ 140 nm. This is in full
λ0
agreement with basic laser theory, since an increase in cavity thickness of 2n
merely introduces an extra standing wave peak of the optical field in the optical
cavity, as shown in Figure 8.10, while the laser oscillation condition remains
λ0
fulfilled. In a different view, the increase in cavity thickness of 2n
provides an
extra cavity round-trip distance of a full wavelength, which means that the reflection from the bottom DBR remains in phase with that of the middle DBR
(both reflections viewed from the active cavity).
In this simple description the periodic behavior is expected to be present for
long substrate cavity thicknesses as well as for short. However, as Figure 8.9b
shows, the fine structure is not of periodic nature for long substrate cavity
λ0
thicknesses — as least not with the expected periodicity of 2n
(the distance
between the peaks in the figure is much less than 140 nm). The reason for this
long-substrate-cavity fine-structure is presently not understood, but may have
something to do with
• The complex effective reflection from the combination of the middle DBR,
the substrate cavity and the bottom DBR (as seen from the active cavity),
• Optical field model errors (including errors in the implementation).
It is likely that the former is the source of the unexplained results, since the
model provides reasonable results in all other calculations, but the possibility
of model errors cannot be disregarded. The phenomenon/problem should be
investigated further.

8.4 Analysis of Substrate Cavity Length Fine-Structure

(a)

(b)
Figure 8.9: Fine structure of the threshold gain for different substrate cavity thicknesses around (a) L ≈ 70 nm and (b) L ≈ 41.7 µm. The fine structure is not
understood for long substrate cavity thicknesses.
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(a)

(b)

(c)
Figure 8.10: Longitudinal optical field intensity distribution and refractive index
profile for the benchmark CCBE-VCSEL structure with substrate cavity thickness
(a) L = 70 nm, (b) L = 210 nm and (c) L = 350 nm. The number of intensity
peaks in the substrate cavity increases with its thickness. (Created using MoS1D).

8.5 Chapter Conclusions
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This fine-structure presents a practical problem for CCBE-VCSELs. The
thinning of the substrate down to < 70 µm can probably not be done with
tolerances of ∆L = 70 nm, and even if this were possible, the expansion of the
substrate cavity, due to temperature changes, would probably have a grave influence on device performance. A substrate cavity thickness increase of just 20 nm
would increase the threshold gain significantly, and an active means of “tuning”
the substrate cavity thickness seems the only way out of this predicament.
The fine structure also has large consequences for the simulations performed
in the previous section. A small increase in substrate cavity thickness results in
large differences in threshold gain, and each data point in Figures 8.6, 8.7 and
8.8 must therefore be found from an entire analysis near the value of L for which
the point is plotted. The points are all the minimum points of fine-structure
plots, like the ones shown in Figure 8.9. If the analyses were performed without
first finding the minima of the fine-structures it would make no sense to plot the
data in the same figure, since one data point might be from a maximum of the
fine-structure, while another were for a minimum. Because of the necessity of
this cumbersome analysis procedure the data points in Figure 8.6 took a week
to find!!! This presents a practical problem in the use of the model, but cannot
be avoided.

8.5

Chapter Conclusions

The results found in this chapter show that single-longitudinal-mode operation
and single-transverse-mode operation of CCBE-VCSELs is possible if the parameters L, N1 , N2 and d are chosen properly, since both longitudinal- and
transverse mode-discrimination effects are present in CCBE-VCSELs. Practical
problems with substrate cavity thickness fine-structure exist, but the structure
still appears very interesting for further studies.

Chapter 9

Conclusions and
Perspectives
In this chapter the conclusions of the project are drawn, and the project is set
in perspectives. The latter include suggestions for further studies.

9.1

Conclusions

A new type of VCSEL, the coupled-cavity bottom-emitting VCSEL (CCBEVCSEL), has been presented. It was expected that the CCBE-VCSEL would
be capable of single-transverse-mode operation, at high optical output powers,
due to the mode-discrimination caused by diffraction effects in its long substrate
cavity. It was also expected that the device would have multiple longitudinal
modes, due to the same cavity.
The physical theory necessary to describe the optical field in CCBE-VCSELs
has been examined. It was concluded that a scalar paraxial wave equation for
the electric field sufficiently describes the optical field in such devices.
A 1-dimensional optical field model has been developed, implemented and
tested. It was concluded, based on results which can be verified analytically, that
the 1-dimensional model provides correct results. The model is not capable of
describing diffraction effects, but provides simplified, easy-to-understand results
for the longitudinal properties of CCBE-VCSELs.
A 3-dimensional optical field model has been developed, implemented and
tested. It was concluded, based on comparison of results for the benchmark
VCSEL structure from the article by Bienstman et al. [40] with results from the
article, that the 3-dimensional model provides correct results for the resonance
wavelengths and threshold gains of oxide-confined VCSELs. Due to the nature
of the model it was assumed that analyses performed on CCBE-VCSELs would
also provide correct results.
A benchmark CCBE-VCSEL structure has been designed, and its optical
properties have been investigated using the 1- and 3-dimensional optical field
models. It was concluded, based on the results of the investigations, that singlelongitudinal-mode, single-transverse-mode continuous wave operation of such a
device is possible at high optical output powers. The cause of these beneficial optical characteristics is longitudinal mode-discrimination, caused by the

9.2 Perspectives
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complex reflection properties of the “bottom mirror”, and transverse modediscrimination, caused by diffraction losses in the long substrate cavity.
All in all, this first examination of the optical properties of the basic CCBEVCSEL structure appears very interesting, and further studies of the device
seem in order. Suggestions for such studies are presented in the next section.

9.2

Perspectives

The details of the complex reflection from the “bottom mirror” should be investigated further. This can be done using the 1-dimensional optical field model
developed in this project. A thorough investigation of the influence of the number of periods in the middle- and bottom DBRs, as well as the substrate cavity
thickness, on the reflectivity spectrum and phase change upon reflection should
be performed.
The details of the substrate cavity fine structure should be investigated further. This can be done using the 3-dimensional optical field model developed
in this project. An analysis of the resonance wavelength and threshold gain
for substrate cavity thicknesses ranging from L = 0 µm to L = 70 µm, with
thickness resolution ∆L = 2 nm, would provide insight into the phenomenon,
but must be expected to be very time-consuming.
A plotting routine, capable of plotting the transverse optical field intensity
distribution in the different layers of the CCBE-VCSEL and outside of it, should
be developed. Such a tool would provide pedagogical illustrations of the diffraction phenomenon in the substrate cavity, and enable the plotting of the far field
characteristics, which are important for laser applications.
The boundary condition at the perimeter of the reference cylinder should be
exchanged with more advanced boundary conditions, such as perfectly matched
layers, in order to include transverse radiation losses in the model. This must
be expected to increase the results for the threshold gain, which are lower than
the results found using other optical field models.
More complex reflection schemes at the output interface of the CCBEVCSEL should be investigated. For example, the bottom DBR could be exchanged with a dielectric mirror, with diameter smaller than the diameter of
the output beam, placed on the optical axis. This would result in optical loss
upon reflection at this interface, since not the entire width of the beam would
be reflected, and the losses would be greater for higher order modes, since these
have more optical field intensity distributed away from the optical axis, outside
the dielectric mirror. The use of photonic gratings at the output interface is
another idea, which may provide transverse mode discrimination. By etching a
number of concentric rings in the bottom DBR a “radial Bragg grating” can be
created, which favors e.g. the fundamental mode.
All in all, a CCBE-VCSEL structure may be able to provide the desired
optical characteristics, and thereby enter the semiconductor laser market in the
future. A much more detailed study of its characteristics, including current
calculations and the investigation of thermal effects, is required. This thesis
merely scratches the surface of the device referred to as the CCBE-VCSEL.

Appendix A

Transmission Matrix
Theory
Transmission matrices are very useful in the description of the reflection properties of DBRs. Here, the transmission matrix theory necessary for the investigations in this thesis is developed without going into details, and the reader
is referred to the literature for more in-depth scattering theory [9]. Transmission matrices are crucial components in the implementations of the 1- and
3-dimensional optical field models, and if the reader is not familiar with transmission matrix theory it is therefore appropriate to study this appendix before
Chapter 6 and Appendix B.
Figure A.1 shows a transmission system with optical inputs represented by
Em+ and En− and outputs represented by Em− and En+ . Here, Em+ and Em−

Figure A.1: Transmission system represented by the transmission matrix T̄ with
inputs Em+ and En− and outputs Em− and En+ .

represent the forward- and backward moving parts of the optical field on the
left hand side of the transmission system, respectively; ditto En+ and En− on
the right hand side. Defining the transmission matrix

T̄ ≡

T11 T12
T21 T22


(A.1)

the optical field on the left hand side of the transmission system can be expressed
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in terms of the optical field on the right hand side,

 


Em+
T11 T12
En+
=
,
Em−
T21 T22
En−

(A.2)

by calculating the matrix elements T11 , T12 , T21 and T22 .
The transmission matrix of a cascade of transmission systems can be found
by simple multiplication of all the transmission matrices of the individual subsystems, multiplied in the order they appear in the system,
T̄ = T̄m · · · T̄2 T̄1 .

(A.3)

A cascaded transmission system is shown in Figure A.2.

Figure A.2: Cascaded transmission system represented by the total transmission
matrix T̄ = T̄m · · · T̄2 T̄1 with inputs Em+ and E0− and outputs Em− and E0+ .

Only two types of transmission matrices are used in this thesis, namely that
describing the reflection and transmission at a semiconductor interface, and
that describing the optical field phase change upon propagation through an
optical transmission line. Both types of systems are shown in Figure A.3. The

(a)

(b)

Figure A.3: Two types of transmission systems, namely (a) the semiconductor
interface and (b) the optical transmission line.

transmission matrix describing the reflection and transmission at an interface is
"
#
T̄interf ace =

βzm +βzn βzm −βzn
2βzm
2βzm
βzm −βzn βzm +βzn
2βzm
2βzm

,

(A.4)

where βzm and βzn are the longitudinal propagation constants of the optical
field on the left- and right hand sides of the interface, respectively. The matrix
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elements are derived from the optical field boundary conditions discussed in
Section 5.5. The transmission matrix describing an optical transmission line is
 −iβ l

e z 0
(A.5)
T̄line =
,
0 eiβz l
where βz is the longitudinal propagation constant of the optical field and l is
the thickness of the transmission line.
Multiplying transmission matrices for all interfaces and transmission lines
in an optical structure, such as a DBR, a single transmission matrix is found,
which completely describes all its reflection- and transmission properties. The
reflection coefficient is found from the total transmission matrix, T̄, by examining the ratio between the reflected- and incident field components on the input
side, Em− and Em+ , when the incident field component on the output side is
zero, E0− = 0. The reflection coefficient is


Em−
−1
= T21 T11
.
(A.6)
r = lim
E0− →0 Em+
Although this section deals only with the transmission matrices of a 1dimensional optical field, i.e. a field description which does not incorporate
the concept of transverse modes, the transmission matrix formalism is fully
capable of dealing with multi-mode descriptions. When multiple modes must
be incorporated in the formalism the transmission matrices change from 2 × 2
matrices to 2N × 2N matrices, where N is the number of modes. Each matrix
element then represents the reflection/transmission properties of one mode with
respect to another, i.e. the formalism is capable of describing the coupling of
modes upon reflection/transmission at interfaces. This is very important since
the 3-dimensional optical field model, discussed in Chapter 6, depends largely
on transmission matrix theory.

Appendix B

1-Dimensional Model for
the Optical Field in
CCBE-VCSELs
A 1-dimensional optical field model has been developed in this project. The
model, which is referred to as “MoS1D”, is not capable of dealing with all optical
effects in CCBE-VCSELs — most importantly, it is incapable of describing the
diffraction occurring in the thick substrate cavity — and it is therefore not a
good choice for the simulation of such VCSELs by itself. It does, however, offer
certain pedagogical advantages over the 3-dimensional model and is therefore
described here. The model is used to provide easy-to-understand explanations
throughout the thesis, and especially its plotting capabilities are utilized. Also,
the model is used for the analysis of the longitudinal optical properties of CCBEVCSELs in Chapter 8.
The implementation of MoS1D consists of approximately 2000 lines of MATLAB code distributed on 33 MATLAB m-files, and has been successfully tested
in MATLAB versions 5.1 and 6.5.
The model is based largely on transmission matrix theory and it is therefore
a good idea to study Appendix A before this Appendix.
In this appendix an overview of the 1-dimensional optical field model is
provided, the tests performed to verify the results of the model are described
along with the user interface, and a short summary is given.

B.1

Model Overview

The 1-dimensional optical field model is based largely on the multiplication of
transmission matrices and is very simple and fast. The calculation of resonance
wavelength and threshold gain consists of four steps:
1. A description of the structure to be analyzed, containing information
about materials, layer thicknesses etc., is created.
2. A transmission matrix, describing the entire VCSEL structure from top to
bottom, is calculated for a given minimum wavelength and minimum gain.
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The transmission through the VCSEL is found from this transmission
matrix.
3. The wavelength is increased by a given amount until it reaches a maximum value, and the peaks in the transmission-wavelength spectrum are
identified. The resonance wavelengths are at these peaks.
4. For each resonance the gain is increased by a given amount until it reaches
a maximum value, and the peak in each transmission-gain spectrum data
is identified. The threshold gain for each resonance is at this peak.
The optical field distribution in the VCSEL structure can be calculated and
plotted for a given resonance.
The resonance wavelengths are found where the transmission-wavelength
data has a peak, which can be understood phenomenologically for a simple
Fabry-Perot cavity like the one shown in Figure 2.1. At wavelengths different
from resonance wavelengths the reflection from the top mirror, for light shining
into the laser from the top, interfere in some way with the light reflected from
the bottom mirror. When the wavelength approaches a resonance wavelength
the two contributions to the total reflection begin to interfere out of phase,
and at the resonance wavelength the total reflection is at its minimum, thus
causing the transmission to be at its maximum. If the two mirrors have the
same reflectivity the light reflected from the top mirror will totally extinguish
the light reflected from the bottom mirror causing the entire optical energy to be
transmitted to the other side of the laser, i.e. the transmission coefficient goes
to unity. For non-symmetric structures the transmission peaks at the resonance
wavelength but does not reach unity.
The threshold gain is found where the transmission-gain data diverges, which
can also be understood phenomenologically for the simple Fabry-Perot cavity.
At the threshold gain the amplification in the active region balances the losses
in the passive regions and the mirror loss. Another way of viewing this is to
consider the amplification of light, which is input into the top of the laser. In
order for the laser to sustain itself it must be able to emit light out of the
bottom even when no light is input into the top, i.e. it must deliver infinite
amplification of light which enters from the top.
This way of finding the resonance wavelength and threshold gain constitutes
a different view of the laser oscillation condition discussed in Chapter 2. In this
description the oscillation condition can be stated as follows:
The laser oscillation condition is fulfilled when
the laser has finite optical output for zero optical input.

B.2

Model Testing

In order to test the 1-dimensional optical field model three simple laser structures are analyzed. The results of the analyses can all be found analytically,
and the tests can therefore provide confirmation of the validity of the results
of the model. Naturally, the tests can only confirm the results of the model in
analyzing structures like the ones tested — it can never be proven to work for
all types of structures.

B.2 Model Testing

B.2.1
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Analysis of a Fabry-Perot Cavity

Arguments similar to the ones used in Section 2.5 show that the resonance
wavelengths for the resonances of the Fabry-Perot cavity shown in Figure B.1
are given by
2nL
λ0,m =
,
(B.1)
m
where λ0,m is the resonance wavelength of the mth resonance, and that the
threshold gain is given by
gth

1
= ln
L



1
r1 r2


.

(B.2)

Figure B.1: Fabry-Perot cavity of length L with reflection coefficients r1 and r2
from the left and right interfaces, respectively. The material has refractive index n
and gain g.

For a Fabry-Perot cavity with L = 140 µm and n = 3.5 surrounded by air
with refractive index n0 = 1 the reflection coefficient at a semiconductor/air
interface is approximately,
r ≈ 0.56.

(B.3)

Inserting the cavity length L into Equation (B.1) the resonance wavelengths near
λ = 980 nm are found. The results are listed in Table B.1 and the resonance are
shown in Figure B.2. Inserting the cavity length L and the reflection coefficients
m
λ0,m [nm]

1003
977.07

1002
978.04

1001
979.02

1000
980.00

999
980.98

998
981.96

997
982.95

Table B.1: Resonance wavelengths of the seven resonances of the Fabry-Perot cavity
in the vicinity of λ = 980 nm.

r1 = r2 = r into Equation (B.2) the threshold gain is found to be
gth = 83.97 cm−1 .

(B.4)

Using the developed 1-dimensional optical field model (MoS1D) the same results
for the resonance wavelengths and the threshold gain are found.
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Figure B.2: The seven resonances near λ = 980 nm of the Fabry-Perot cavity shown
in Figure B.1. (Created using MoS1D).

B.2.2

Analysis of a DBR

The reflection coefficient of a DBR, rg , at a Bragg wavelength, i.e. a wavelength
at which all reflections occur in phase, is [9]

rg = tanh m ln



1 + |r|
1 − |r|


,

(B.5)

where m is the number of periods and |r| is the absolute value of the reflection
coefficient for reflections at the interfaces of the DBR. Equation (B.5) is valid
when the refractive index on both sides of the DBR is the same as one of the
constituents of the DBR.
For a 34-period DBR consisting of layers with refractive indices n1 = 3.2 and
n2 = 3.5, thicknesses L1 = 76.5625 nm and L2 = 70.0000 nm and a material
with refractive index n0 = 3.5 on both sides, shown in Figure B.3, the highest
Bragg wavelength is
λB = 980 nm,
(B.6)
corresponding to quarter wavelength layers. At this particular Bragg wavelength
the reflection coefficient is
rg = 0.9955
(B.7)
and the reflectivity is
R = |rg |2 = 0.9910.

(B.8)

The same results are found using MoS1D and a plot of reflectivity vs. wavelength
is shown for the DBR in Figure B.4.

B.2 Model Testing

Figure B.3: Refractive index profile of the 34-period DBR. (Created using MoS1D).

Figure B.4: Reflectivity spectrum of the 34-period DBR. (Created using MoS1D).
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B.2.3

Analysis of a DBR Cavity

Using the reflection coefficient of the DBR found in the previous section it is
possible to find the resonance wavelength and threshold gain of the DBR cavity
of which the refractive index profile is shown in Figure B.5. The structure

Figure B.5: Refractive index profile of the DBR cavity. (Created using MoS1D).

consist of a cavity surrounded on both sides by 34-period DBRs identical to the
one discussed in the previous section. The cavity is 140 nm thick, has refractive
index nc = 3.5 and the laser emits into a medium with refractive index n0 = 3.5.
The structure can be described by a simple Fabry-Perot cavity, as the one
discussed in Section B.2.1, with the reflection coefficients of the two mirrors
substituted by the reflection coefficients of the DBRs, i.e. r1 = r2 = rg . The
resonance wavelength and threshold gain of the resonance with m = 1 are
λ0 = 980.00 nm
gth = 644.92 cm−1 ,

(B.9)
(B.10)

respectively. The same results are found using MoS1D and the resonance wavelength peak and threshold gain peak are shown in Figures B.6 and B.7, respectively.

B.3

Model User Interface

The user interface for the 1-dimensional optical field model is very simple. The
VCSEL to be analyzed is described in a simple data structure, containing information about layer material, layer thickness, n-doping level and p-doping
level for each epitaxial layer, and the analysis program is called. This opens a

B.3 Model User Interface

Figure B.6: Resonance wavelength peak of the resonance with λ0 = 980.00 nm of
the DBR cavity. (Created using MoS1D).

Figure B.7: Threshold gain peak of the resonance with λ0 = 980.00 nm of the DBR
cavity. (Created using MoS1D).
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graphical user interface (GUI) which is used to provide input into the model
and display the results of calculations. This GUI is shown in Figure B.8.

Figure B.8: Graphical user interface for MoS1D, showing input fields on the upper
left, output fields on the lower left and output figure window on the right. (Screendump of MoS1D).

All necessary input data, i.e. structure name, wavelength range and resolution, gain range and resolution and refractive indices outside the structure, is
input into the GUI. A choice is made of whether to analyze for the resonance
wavelength only, for the resonance wavelength and threshold gain, or analyzing
for both and plotting the optical field intensity distribution.
When the data has been input into the GUI the calculations are commenced
by the press of a button, and the progress of the analysis, which typically takes
under 1 minute, can be followed in the message box at the bottom left of the
GUI. The details about the progress can be seen in the MATLAB command
window.
When the analysis is finished the number of resonances found is displayed
and 11 different sets of data are plotted in the figure window on the right. These
plots include transmittance vs. wavelength and gain, refractive index profile and
the longitudinal optical field intensity distribution in the structure. All data and
plots can be saved by pressing either of the two buttons in the lower right corner
of the GUI.

Appendix C

Symbols and Units
Symbols
The symbols used in this thesis are listed below. Some of the symbols represent
multiple quantities, and the context in which they are used determines which.
Matrices are denoted by bars (M̄ ), operators by hats (Ô), vectors by arrows (~v )
e
and complex representations by tildes (E).
a
C
c
d
d0
dr
dθ
d~l
E
E1
E2
E21
EF c
EF v
Eg
e
f1
f2
g
gth
h
~h
I
I
i

Lattice constant [Å]
Constant
Speed of light in vacuum [m/s]
Aperture diameter [µm]
Diameter of reference cylinder [µm]
Incremental radius [m]
Incremental angle
Incremental length vector [m]
Energy [eV]
Energy of lower electronic state [eV]
Energy of upper electronic state [eV]
Energy difference [eV]
Quasi Fermi level of conduction band [eV]
Quasi Fermi level of valence band [eV]
Bandgab [eV]
Electron charge [C]
Occupation probability of electronic state in valence band
Occupation probability of electronic state in conduction band
Gain [cm−1 ]
Threshold gain [cm−1 ]
Planck´s constant [J · s]
Height vector [m]
Optical field intensity [W/m2 ]
Current [A]
Complex unit, i2 ≡ −1
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J~
k
k
~k
L
La
Lp
~l
m
N
N0
N1
N2
n
Ôi
Oi,j
p~
R̄
R0
R12
R21
REM
Rnr
Rsp
Rst
r
rl
rr
Re{}
T
t
Ti,j
u (i − j)
U
vp
w
x
y
z
α
βr
βz
βz2
2
βz0

Symbols and Units

Current density [A/m2 ]
Propagation constant [m−1 ]
Boltzmann´s constant [J/K]
Electron wave vector [m−1 ]
Substrate cavity thickness [µm or nm]
Active region length [µm]
Passive cavity length [µm]
Length vector [m]
Angular propagation constant
Number of used basic eigenmodes
Number of existing basic eigenmodes
Number of periods in middle DBR
Number of periods in bottom DBR
Refractive index
Operator
Matrix element
Crystal momentum [(J · s)/m]
Reflection matrix
Vacuum field transition rate [1/(s · m3 )]
Stimulated absorption rate [1/(s · m3 )]
Stimulated emission rate [1/(s · m3 )]
Electromagnetic transition rate [1/(s · m3 )]
Non-radiative transition rate [1/(s · m3 )]
Spontaneous emission rate [1/(s · m3 )]
Net stimulated emission rate [1/(s · m3 )]
Cylindrical radius coordinate [m]
Reflection coefficient of left mirror
Reflection coefficient of right mirror
Real part
Temperature [K]
Time [s]
Matrix element
Unit-step function
Electric potential [V]
Phase speed of light [m/s]
DBR layer thickness [µm]
Cartesian x-coordinate [m]
Cartesian y-coordinate [m]
Cartesian z- or cylindrical longitudinal coordinate [m]
Loss [cm−1 ]
Radial propagation constant [m−1 ]
Longitudinal propagation constant [m−1 ]
Layer eigenvalue [m−2 ]
Basic eigenvalue [m−2 ]
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δi,j
Γ

0
r
ηi
θ
µ
µ0
µr
λ
λ0
λB
ν
ρ
ω
~
B
~
D
E
Ex
Ey
Ez
Ee
Ee0i (r, θ)
|Ee0i >
Eei (r, θ)
|Eei >
EeLi (r, θ)
|EeLi >
E~
~
H
Hx
Hy
Hz
h̄

Kronecker delta
Gain enhancement factor
Permittivity [F/m]
Vacuum permittivity [F/m]
Relative permittivity
Internal quantum efficiency
Cylindrical azimuthal coordinate
Permeability [(V · s)/(A · m)]
Vacuum permeability [(V · s)/(A · m)]
Relative permeability
Wavelength [nm]
Resonance wavelength [nm]
Bragg wavelength [nm]
Frequency [s−1 ]
Charge density [C/m3 ]
Angular frequency of oscillation [s−1 ]
Magnetic flux density [T]
Electric flux density [C/m2 ]
Scalar representation of the electric field [V/m]
Electric field vector component along the x-axis [V/m]
Electric field vector component along the y-axis [V/m]
Electric field vector component along the z-axis [V/m]
Complex representation of the electric field [V/m]
Basic eigenmode [V/m]
Basic eigenmode, Dirac notation [V/m]
Layer eigenmode [V/m]
Layer eigenmode, Dirac notation [V/m]
Laser eigenmode [V/m]
Laser eigenmode, Dirac notation [V/m]
Electric field [V/m]
Magnetic field [A/m]
Magnetic field vector component along the x-axis [A/m]
Magnetic field vector component along the y-axis [A/m]
Magnetic field vector component along the z-axis [A/m]
Planck´s constant divided by 2π [J · s]

Units
The units used in this thesis are listed below.
A
C
cm−1
eV
F
J
K

Ampere, unit of current
Coulomb, unit of charge
Inverse centimeter, unit of gain/loss
Electron volt, unit of energy
Farad, unit of capacitance
Joule, unit of energy
Kelvin, unit of temperature
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m
mA
nm
s
T
V
W
µm
Å

Symbols and Units

Meter, unit of length
Milliampere, unit of current
Nanometer, unit of length
Second, unit of time
Tesla, unit of magnetic flux density
Volt, unit of electric potential
Watt, unit of power
Micrometer, unit of length
Ångstrøm, unit of length
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